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It has been more than four decades since ideas from chaos began appearing in the literature showing
that it is possible to design economic models in regime of chaotic behaviour from a theoretical point of
view. However there is no clear evidence that economic time series behave chaotically. So far researchers
have found substantial evidence for nonlinearity but relatively weak evidence for chaos. In this paper we
propose a possible explanation to this "chaos model-data paradox”. Our main motivation is that chaos is
elusive in financial datasets because of loss of information that occurs when daily quotes are used. This
could hinder the detection of chaos in those time series. Chaotic systems are sensitive to initial condi-
tions, so temporal dependence is lost as the chaotic time series are sampled at too long-time intervals,
appearing as independent even though they come from a (chaotic) dynamical system. In the case of fi-
nancial time series, which quotes are continuously traded on markets, the daily sampling may be too
long. In order to avoid this problem high-frequency data can be used to detect chaos in financial time
series. We have found evidence of chaotic signals inside the 14 tick-by-tick time series considered about
some top currency pairs from the Foreign Exchange Market (FOREX). Notice that we do not intend to
generalize this finding to all financial series or even to all FOREX series. The main interest of our paper
is to illustrate that by choosing a tick-by-tick frequency (instead of a daily one), and with the purpose of
preserving the dynamic dependence on the time series, we could find chaos. At least in the 14 specific
currency pairs analyzed and during the time intervals considered. Hence we propose take into account
all the information available in the financial markets (full sample information on FX rates) instead of
daily data. This kind of time series entails several difficulties due to the need to process a huge quan-
tity of information and regarding the reconstruction of the attractor from tick-by-tick time series which
are unevenly-spaced. In this sense we have had to implemented new algorithms in order to solve such
drawbacks. As far as we know these tick-by-tick financial time series have never been tested for chaos so
far.

1. Introduction

models. This phenomena was called the chaos model-data paradox
by Brock et al. [21].

It is often said that chaos is an ubiquitous phenomena which is
produced everywhere and can be observed from quantum to cos-
mological scale [1-3]. Particularly, in economics, it has been more
than four decades since ideas from chaos began appearing in the
literature showing that it is possible to design economic models in
regime of chaotic behaviour from a theoretical point of view, see
e.g. [4-11]. However there is no clear evidence that economic time
series behave chaotically. So far researchers have found substantial
evidence for nonlinearity but relatively weak evidence for chaos,
see e.g. [12-20]. Hence our interest would be to check why it is
usually difficult to detect chaos in economic time series whereas it
is apparently easy to show a chaotic behaviour in many theoretical
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In order to explain why chaos is generic in theoretical eco-
nomics models but elusive in data we will discuss a possible an-
swer to it, at least when studying financial time series. Our main
motivation is that chaos is elusive in financial empirical studies
because of loss of information that occurs when daily quotes are
used. This could hinder the detection of chaos in those time series.
Chaotic systems are sensitive to initial conditions, so temporal de-
pendence is lost as the chaotic time series are sampled at too long-
time intervals, appearing as independent even though they come
from a (chaotic) dynamical system. In the case of financial time
series, which quotes are almost continuously changing upwards or
backwards on markets, the daily sampling may be too long. In or-
der to avoid this problem high-frequency data can be used to de-
tect chaos in financial time series.
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Recently some papers have been published looking for nonlin-
earities and chaos using intra-daily financial time series. For in-
stance, Lo and Lee [22], Aslan and Sensoy [23], Leone and Kwabi
[24] focused on testing the hypothesis of efficient markets using
high-frequency data; BenSaida [25] analysed the stock performance
of the 500 large companies in the United States, S&P 500 index re-
turns, over four different frequencies: weekly, daily, 30-min and 5-
min; Anagnostidis and Emmanouilides [26] studied the Athens Ex-
change Composite Share Price Index (ACSPI) returns over five dif-
ferent frequencies: 10-min, 20-min, 40-min, 50-min and 80-min;
Vamvakaris et al. [27] evaluated the S&P 500 index returns as well
considering 5-min data. All of them found little evidence to sup-
port the presence of chaotic behaviours in their datasets but they
found strong evidences of non-linearities. Notice that most of pa-
pers published in financial literature so far deal with data equally
spaced in time, both in low-frequency as in high-frequency. How-
ever financial markets are characterised by its almost continuity on
trade, showing a variable time-lapse between each quote. That is,
the dataset do not follow a constant rhythm. Therefore this tick-
by-tick time series are not separated by a fixed time interval.

In this paper we provide the following contributions: First, in-
stead of using intra-daily data with uniform frequency (1-min,
5-min, 10-min and so on) as the papers mentioned above, we
have used intra-daily data with non-uniform frequency (tick-by-
tick) which are usually not equally spaced in time. Second, in this
sense we have proposed a new algorithm implementing the the-
orem proposed by Huke and Broomhead [28] who extended the
reconstruction theorem when the dynamical system is sampled
non-uniformly in time. Their results have allowed us to get the
non-uniform delayed-coordinate embedding vectors from the tick-
by-tick time series. Third, regarding how to choose the embed-
ding parameters of the reconstruction procedure we have imple-
mented statistical methods based on model selection criteria fol-
lowing Chang and Tong [29,30] instead of the traditional heuristic
methods proposed by Abarbanel [18] or Kantz and Schreiber [31].

Fourth, we have estimated the expected Lyapunov exponent us-
ing the jacobian indirect method proposed by Eckmann and Ruelle
[32] and Gengay and Dechert [33]. Particularly, we have focused
on the neural net approach following McCaffrey et al. [34] and Ny-
chka et al. [35] by approximating the unknown non-linear function
through a feed-forward single hidden layer network. We have also
used different blocking methods proposing a new one based on the
bootstrap method. Fifth, these neural net methods are able to fit
any unknown linear or non-linear model. This fact has allowed us
to be able to calculate analytically rather than numerically the ja-
cobian needed for the estimation of the expected Lyapunov expo-
nents. Sixth, we have proposed new algorithms implementing the
results proposed by Shintani and Linton [36] who provided a sta-
tistical framework for testing the chaotic hypothesis based on the
theoretical asymptotic properties of the neural net estimator.We
have developed an R package called DChaos which contains the
algorithms that we have implemented in this paper. These algo-
rithms are publicly available at the Comprehensive R Archive Net-
work (CRAN) [37].

We have found evidence of chaotic signals inside the 14 tick-
by-tick time series considered about some top currency pairs from
the Foreign Exchange Market (FOREX). Notice that we do not in-
tend to generalize this finding to all financial series or even to all
FOREX series. The main interest of our paper is to illustrate that by
choosing a tick-by-tick frequency instead of a daily one, with the
purpose of preserving the dynamic dependence on information, we
could find chaos. At least in the 14 specific currency pairs analyzed
and during the time intervals considered.

The rest of the paper is organised as follow. Section 2 provides
a possible explanation to the chaos model-data paradox in finance.
Section 3 presents the theoretical framework that we have em-

ployed in this paper. Section 4 reports the main results and a dis-
cussion of them. Finally, section 5 gives some concluding remarks.

2. Financial data on tick-by-tick time series and chaos

The greatest difficulty in applying chaos theory in empirical
studies in economics is related to the quantity and quality of
dataset. Unlike experimental sciences where one can carry out ex-
periments and simulations in the laboratory obtaining a large and
clean dataset, most economic time series consist of daily, weekly,
monthly, quarterly or annual noise contaminated data. The main
reason why economic data traditionally were low frequency and
discrete was the cost of collection and analysis. Particularly, in fi-
nancial markets, the emergence of new technologies have had im-
portant implications for both the quantity and quality of existing
data in finance. Nowadays trades realized by traders are replaced
by algorithmic trades executed in an automated way providing a
huge amount of data over many intra-daily disaggregated time in-
tervals.

While it is natural to think that with respect to data more is
always better, this statement needs to be considered carefully in
certain environments. High-frequency financial dataset are still ex-
pensive to collect, maintain, and manipulate. These observations
are also subject to a wide range of idiosyncratic factors such as
non-synchronous trading, intra-day seasonal effects, measurements
errors due to bid-ask spreads and even conceptual problems, such
as defining a return during an interval in which no trading oc-
cur. However, the knowledge that we might have about the mar-
ket micro-structure depends strongly on access to those high-
frequency data and the suitable technological support to store and
process that vast amount of data.

Unfortunately, one rarely has the opportunity to access primary
databases as most financial markets provide only access to partic-
ipants, and it is not clear to what extent those data are retained
and therefore potentially usable for time series studies. This issue
has taken on additional importance with the growth of algorithmic
trading. Hence our ability to analyze the dynamic behind financial
markets at micro-level is limited mainly by the availability of rele-
vant data. The chance to obtain easily and free high-frequency data
on the Foreign Exchange Market market over a sufficiently long
time period has made this particular financial market the preferred
habitat for studies of nonlinearities and chaos.

The information generated by the interactions between traders
who buys (bid orders) and sells (ask orders) those currencies is
apparently encoded in frequencies which are not usually equally
spaced in time. In our case the frequency of those quotations is
tick-by-tick. Each tick will appear when there is a change, upward
or downward, in the quotations. That is, in the highest bid or low-
est ask orders in the top-of-book. In this paper we have consid-
ered 14 tick-by-tick time-series data about some top currency pairs
from the Foreign Exchange Market during November 2018. This
month has been selected arbitrarily without any economic crite-
ria. The dataset has been obtained from https://truefx.com. This fi-
nancial market is characterised by being open 24 hours, so it is a
market with continuous operations throughout the day.

We have focused on the bid rates top-of-book, tick-by-tick his-
torical market data, with fractional pip spreads in miliseconds de-
tail. In particular we have collected the following currency pairs:
the Australian Dollar against Japanese Yen (2,781,632 ticks), the
Australian Dollar against US Dollar (2,138,904 ticks), the Cana-
dian Dollar against Japanese Yen (2,115,263 ticks), the Swiss Franc
against Japanese Yen (2,579,371 ticks), the Euro against Swiss Franc
(2,110,966 ticks), the Euro against British Pound (2,663,370 ticks),
the Euro against Japanese Yen (5,909,146 ticks), the Euro against
US Dollar (2,963,370 ticks), the British Pound against Japanese Yen
(5,023,443 ticks), the British Pound against US Dollar (2,967,520
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Fig. 1. Boxplot of the Mutual Information values picked in Table 2.

ticks), the New Zealand Dollar against US Dollar (1,398,569 ticks),
the US Dollar against Canadian Dollar (1,682,270 ticks), the US Dol-
lar against Swiss Franc (1,497,969 ticks) and the US Dollar against
Japanese Yen (2,066,618 ticks).

As we can see the volume of tick-by-tick data is huge when
one considers the tick frequency, even taking into account only a
month. Thus due to difficult for processing that massive amount of
information we have decided to focus on the analysis of FX quota-
tions occurred just during one day. Particularly we have considered
two days for the analysis of each FX rate, the highest and the low-
est day by volume of tick-by-tick data during November 2018, see
Table 1.

As we have pointed out before chaotic systems are sensitive to
initial conditions, so temporal dependence in chaotic time series is
lost as the series are sampled at too long time intervals, appear-
ing as independent and not chaotic, even though they will in fact
come from a chaotic dynamical system. Normally when studying
the chaotic behaviour of financial time series, the log returns data
is used. In the case of daily time series, the daily returns is usu-
ally considered in the literature but if we take into account high-
frequency time series we can consider series of higher frequency
log returns e.g. 12 hours, 1 h, 10 min, 5 seconds or even tick-by-
tick.

Hence to carry out our analysis we need to differentiate the log
quotes series in order to get our series of lagged returns by

Xt =10g (pr) — 10g (Pr_1ag) (1)

where lag € N is the order of differentiation. If we would be con-
sidering the classical daily returns we should use a lag equal to 1
day (lag = 86400 seconds) but this does not have to be the best
option. The optimum lag or order of differentiation should not be
too large or too short if we want to preserve the time dependency.
On the one hand, a too short lag provides essentially the same
information between two consecutive observations and therefore
does not allow dynamic dependency to be detected. On the other
hand, as a consequence of the initial-value sensitivity property, a
too long lag can lead to the loss of information on time depen-
dency. We have followed the heuristic criterion proposed by Fraser
and Swinney [38] in order to fix the optimum lag to capture the
possible time dependency, chaotic or not, in our tick-by-tick time
series. That is, the optimum lag to get our lagged returns will be
the first minimum of the mutual information function.

As one can see in both, Table 2 and Fig. 1, we would con-
firm our hypothesis. That is, we would be losing information if
we employ daily frequency returns. We have checked if the first
minimum of the mutual information function between In(p;) and
In (P_iqg) is lower than 24 hours (86,400 seconds), where py is the
tick-by-tick bid rates. The mutual information is decreasing as the
lag increases. The first minimum of the mutual information func-
tion is lower than 86,400 seconds (24 hours) for all currency pairs
studied, between 32,400 < lag < 57,600 seconds (9-16 hours),
when one takes into account the full sample (tick-by-tick data).

Hence this preliminary analysis establishes that we have to
analyse series of financial returns lagged between 9 and 16 hours
to optimise the information on time dependency. So, could it be
this fact one of the reasons why it is so difficult to find chaos in-
side our lagged returns?. To answer this question we should detect
chaos in the tick-by-tick lagged returns time series in order to jus-
tify empirically our hypothesis.

3. How to detect chaotic signals inside tick-by-tick lagged
returns time series?

We just showed a possible explanation to the chaos model-data
paradox in the field of economics. We have proposed the use of
high-frequency data instead of daily data. Indeed, we have used
bid rates, tick-by-tick time-series data considering all the informa-
tion available in the Foreign Exchange Market. Now, we are going
to show a procedure to be able to detect chaotic signals inside the
tick-by-tick lagged returns time series if there were any. Accord-
ing to the literature, countless techniques have been developed and
used to estimate the complexity of time series data, for a review
see e.g. Faggini [39], Bradley and Kantz [40], Tang et al. [41]. We
have focused on methods derived from chaos theory which esti-
mate the complexity of a dataset through exploring the structure
of the attractor. Particularly, we have been interested in the so-
called Lyapunov exponent (A;) as an attractor invariant measure.
Quantify chaos through this kind of quantitative measure is a key
point for understanding the noisy chaos. Hence our interest will be
to test the hypothesis of chaos defined as follows

H()Ij\k>0
H1:Ak<0



Table 1

Samples used in the analysis pertaining to the highest and lowest day in November 2018 by volume of tick-by-tick data are shown.

AUDUSD CADJPY CHFJPY EURCHF EURGBP EURJPY EURUSD GBPJPY GBPUSD NZDUSD USDCAD USDCHF USDJPY

AUDJPY

Nov. 15th Nov. 15th Nov. 15th Nov. 15th Nov. 15th Nov. 15th Nov. 15th Nov. 15th Nov. 15th Nov. 01st Nov. 23th Nov. 01st Nov. 15th
46,900 98,018 69,329 132,588 96,363 88,095 62,188 106,578 25,189

69,714

Nov. 15th
39,946

Highest day

60,998 50,984

43,694

Sample size

AUDUSD CADJPY CHFJPY EURCHF EURGBP EURJPY EURUSD GBPJPY GBPUSD NZDUSD USDCAD USDCHF USDJPY

AUDJPY

Nov. 30th Nov. 19th Nov. 05th Nov. 05th Nov. 05th Nov. 30th Nov. 05th Nov. 19th Nov. 30th Nov. 05th Nov. 05th Nov. 05th Nov. 06th Nov. 30th 'F'r,
40,047 20,635 42,040

12,309

Lowest day
Sample size

51,610 43,918 53,123 14,923 50,927 14,210 19,774 31,124 21,061

41,131

. Sandubete and L. Escot/Chaos, Solitons and Fractals 137 (2020) 109852

for k=1,2,3,... on a k-dimensional system. Reject the null hy-
pothesis Hy : ik > 0 means lack of chaotic behaviour. That is, the
data-generating process does not have a chaotic attractor because
of it does not show the property of sensitivity to initial conditions,
see Gengay and Dechert and Dechert [33].

In this paper we have considered a noise environment for the
following three reasons: (i) there are always sources of external
random perturbations in the Foreign Exchange Market; (ii) there
is often a source of noise linked to measurement error in finan-
cial datasets; (iii) the data-generating process is typically unknown.
Hence we have focused on the expected Lyapunov exponents from
a noisy dynamical system, see Chang and Tong [29,30]. This er-
godic measure can be defined as follows. Let X; = f(X;_1) + & be
a stochastic difference equation where f:RK > RK, {g} is a se-
quence of independent and identically distributed d-dimensional
random vectors such that ¢; is independent of X;, 0 < j<t—1,
fort =1,2,3,...,n. For a k-dimensional system there will be k ex-
pected Lyapunov exponents which are given by

Ju(Xo) = Jim LE{log (IDf (X0 - IDf o)1)

= lim 11-:{1og(|13ff(x0)|)} (2)

t—oo €

This relation indicates the expected average rate of divergence
or convergence of a random orbit f{(Xy) starting at the point X,
where Dff(Xp) is the jacobian. Since we put ourselves in a experi-
mental context the true dynamics of the system is assumed as un-
known. Hence we do not have the advantage of observing directly
the state of the system X; in financial time series let alone knowing
the functional form f that generate the dynamic associated with
it. Instead of that, there is an observer function h : RK — R which
generates observations as Xx; = h(X;). Therefore it is assumed that
all information available is the sequence {x;}}; as a time series.
Notice that any method for estimating the expected Lyapunov ex-
ponent from some observed time series are based previously on
the state space reconstruction procedure. Thus we are going to ex-
plain how to get the non-uniform delayed-coordinate vectors from
our tick-by-tick time series.

3.1. Non-uniform delayed-coordinate embedding

The embedding theorem proposed by Takens [42] provides a
framework to reconstruct an unknown dynamical system which
gave rise to a given observed scalar time series simply by recon-
structing a new state space out of successive values of the time se-
ries. The reconstruction theorem assumes that the dynamical sys-
tem is sampled uniformly in time. There has, however, been in-
creasing interest in situations where observations on the dynam-
ical system are not uniform in time. That is, the data does not
come from a series of values measured at uniformly spaced times.
For instance, a motivating example would be the case of financial
markets. The information generated by the interactions between
traders who buys and sells financial instruments such as stocks,
bonds, commodities, currencies, derivatives and so on is apparently
encoded in frequencies determined by each time a transaction is
closed or there is a movement in a bid or ask order which are not
equally spaced in time. As we said before this is usually so-called
tick-by-tick data. Thus if we observe a particular financial asset i.e.,
a currency pair on the Foreign Exchange Market market, the mea-
surements of this financial asset are sampling by tick-by-tick inter-
vals which do not follow a constant rhythm.

Can we use this kind of information to build a dynamical sys-
tem model, and if so, how is it related to the original underlying
system?. Huke and Broomhead [28] showed how to extend the re-
construction theorem under certain conditions when the dynami-
cal system is sampled non-uniformly in time. So we can use their



Table 2

Mutual information values between In(p;) and In (pt,lﬂg) of each tick-by-tick time-series data for some top currency pairs. The first minimum is marked in bold type.

lag AUDJPY AUDUSD CADJPY CHFJPY EURCHF EURGBP EURJPY EURUSD GBPJPY GBPUSD NzZDUSD USDCAD USDCHF USDJPY
3,600 1.42459 1.34625 1.50337 1.50159 1.71316 1.52873 1.21170 1.42573 1.54625 1.45168 1.73233 1.59206 1.53898 1.51053
7,200 1.23655 1.11691 1.29593 1.30134 1.50935 1.35328 0.96424 1.19954 1.37024 1.25494 1.55559 1.38015 1.34643 1.29251
10,800 1.12022 1.00191 1.16691 1.18435 1.40717 1.26871 0.84823 1.08479 1.30135 1.18291 1.43811 1.29774 1.26241 1.17464
14,400 1.05144 0.93061 1.09273 1.11882 1.34925 1.21614 0.78184 1.01184 1.22157 1.12881 1.36683 1.22439 1.17135 1.11558
18,000 0.98691 0.89853 1.05321 1.04852 1.32610 1.13441 0.72233 0.94331 1.17541 1.07617 1.32829 1.19751 1.09473 1.06644
21,600 0.92871 0.83331 1.01367 0.99607 1.29193 1.10482 0.67257 0.89064 1.12633 1.02134 1.26301 1.14892 1.06831 1.01625
25,200 0.90082 0.78429 0.99744 0.96286 1.25098 1.10193 0.66096 0.85904 1.10616 0.97135 1.20728 1.11489 1.02161 1.00179
28,800 0.85602 0.75359 0.96548 0.93156 1.24326 1.07213 0.62382 0.82514 1.05579 0.92491 1.16313 1.07581 0.99364 1.00019
32,400 0.83258 0.69828 0.93776 0.89471 1.22558 1.04701 0.59347 0.80185 1.03172 0.91025 1.11786 1.07084 0.94479 0.94846
36,000 0.80833 0.65877 0.93379 0.87185 1.18801 1.06716 0.59054 0.78896 0.98381 0.89134 1.08925 1.05505 0.95069 0.91559
39,600 0.77306 0.64091 0.93086 0.86755 1.16595 1.04931 0.57587 0.75947 0.97374 0.86827 1.03633 1.03991 0.92188 0.89781
43,200 0.73044 0.64211 0.89921 0.86902 1.16637 1.03255 0.56802 0.76269 0.96435 0.87463 0.99281 1.02901 0.91607 0.88747
46,800 0.71662 0.60232 0.87415 0.83121 1.14554 1.02448 0.55146 0.74642 0.94519 0.84249 0.96866 1.02671 0.94222 0.85004
50,400 0.67247 0.57976 0.84612 0.79956 1.13452 1.01389 0.53349 0.72851 0.94274 0.80738 0.95131 0.98866 0.92501 0.83288
54,000 0.64832 0.55559 0.83548 0.77186 1.09961 0.97952 0.53083 0.70752 0.93339 0.80629 0.95533 0.95153 0.90336 0.84541
57,600 0.62981 0.52376 0.85609 0.75879 1.07345 0.97612 0.53716 0.71585 0.95414 0.80065 0.94142 0.95926 0.91749 0.85708
61,200 0.63268 0.52171 0.83295 0.73011 1.05239 0.96801 0.53737 0.70701 0.92948 0.77113 0.90274 0.93278 0.90368 0.83642
64,800 0.60392 0.50274 0.82439 0.72112 1.04108 0.96718 0.53542 0.71083 0.93002 0.76172 0.88257 0.92187 0.87971 0.81798
68,400 0.59598 0.48944 0.83611 0.71528 1.02521 0.94166 0.53504 0.67611 0.95333 0.75567 0.86402 0.92123 0.87076 0.80361
72,000 0.59702 0.48123 0.83193 0.72357 1.00721 0.92892 0.54619 0.67727 0.95373 0.73781 0.84931 0.88651 0.82664 0.77131
75,600 0.61451 0.50671 0.81867 0.72218 1.00651 0.93324 0.53669 0.67572 0.93955 0.74966 0.83763 0.88818 0.82161 0.78261
79,200 0.59798 0.49557 0.78218 0.70111 1.01662 0.90463 0.53189 0.67004 0.91406 0.75626 0.84391 0.87592 0.80419 0.75957
82,800 0.58447 0.46626 0.77105 0.69074 1.01375 0.89941 0.53071 0.68439 0.89332 0.74407 0.82951 0.85972 0.82128 0.72281
86,400 0.56083 0.45092 0.72931 0.66752 0.96267 0.91170 0.50383 0.67808 0.87884 0.73124 0.81355 0.84002 0.81609 0.72271

758601 (020Z) LEL SIPIIDLY puUD SUOROS ‘SODYD /30357 T pub 23aqnpuns I



6 J.E. Sandubete and L. Escot/Chaos, Solitons and Fractals 137 (2020) 109852

4
-

9 10

11 12 13 14 15 16 17 18 19 Time

Fig. 2. Uniform (below) and non-uniform (above) time-lapse for delayed-coordinate embedding vectors for any embedding dimension m where the time delay 7 = 3.

results to reconstruct the state space from our tick-by-tick time se-
ries. We have considered the method of delayed-coordinates pro-
posed by Ruelle and Takens [43] to get the non-uniform delayed-
coordinate embedding as follows. Let {Xfi}L] be our lagged returns
time series taking t; —t;_1 #t; —ts_1 Vi # s. To process this time
series we form a sequence of delayed vectors by associating with
each time a vector in a reconstructed state space R™, whose coor-
dinates satisfy the following equation

xp = (tixti—r,xt,»—Zr, .- ~sxti—(m—2)r7xt,v—(m—l)1:) (3)

where m is the embedding dimension and t is the reconstruction
time delay (or lag). As in the uniform case we can construct a vec-
tor space whose axes represent all the relevant variables given by

XZI = (thvxﬁ—‘u .. ~aX[1—(m—2)tsX[17(m—1)r)

x;’; = (thsxtz—r, .. ~th2—(m—2)rsxt2—(m—1)t)
m

X, = (Xt,,sxtn—f; .. ~sxtn—(m—2)r,xtn—(m—1)r)

The underlying idea is to make copies of the measured signal
with non-uniform time-lapse between observations and consider
these delayed values as coordinates of a reconstructed state space,
retrieved from the data. As in the uniform case the embedding
process permits to extract all the relevant information about the
unknown underlying dynamical system that generates the time se-
ries e.g., the expected Lyapunov exponents defined previously must
have approximately the same value in both the true and the recon-
structed state space. We have illustrated the phase space recon-
struction procedure in both cases for any embedding dimension m
where the time delay 7 = 3, see Fig. 2.

Notice that a key point to create a suitable reconstruction of
the state space is to fix a criteria in order to estimate the embed-
ding parameters (t and m). Researchers in this area usually esti-
mate them using two different alternatives: a heuristic approach
that mostly rely on physical or geometrical arguments and by a
statistical approach. Under the heuristic approach regarding the es-
timation of the time delay 7 although there are other criteria, see
e.g. Abarbanel [18], Kantz and Schreiber [31], T =1 is commonly
used following the prescription proposed by Takens and Ruelle
[42]. Concerning the embedding dimension m most of the papers
published consider the false nearest neighbours criteria proposed
by Kennel, Brown and Abarbanel [44]. Another criteria widely used
by the scientific community is to estimate the correlation dimen-
sion as a proxy of the embedding dimension using the algorithm
proposed by Grassberger and Procaccia [45].

The main drawbacks of these heuristic approaches are the fol-
lowing: (i) they are not intrinsically statistical; (ii) they lead to es-
timators whose properties are unknown or largely unexplored; (iii)
they do not take into account the results of any model fit. The al-
ternative proposed by the statistical approach solves those 3 disad-
vantages. The statistical approach to state space reconstruction can
be viewed as a best subset selection problem within the nonpara-
metric regression context as argued Chan and Tong [30]. The idea
behind it is to select the embedding parameters, T and m, that pro-
vide the best fit in the estimation of the expected Lyapunov expo-
nents taking into account some information criteria. For instance,
the Akaike’s information criterion (AIC), the bayesian information
criterion (BIC), the Hannan-Quinn information criterion (HQC) or
the focused information criterion (FIC). As far as this paper is con-
cerned we will focus in greater detail on model selection proce-
dures instead of heuristic techniques. In any case, we think that
the information derived from the heuristic approaches might be
still useful and should not be disregarded as a complementary in-
formation.

3.2. The expected lyapunov exponent: Estimation & inference

We do not know the true dynamics of the lagged returns time
series underlying generating system. For this reason, we will not
take into consideration estimation methods that presuppose the
knowledge of the equations of the dynamical system. There are ba-
sically two kind of methods for estimating the expected Lyapunov
exponents from time series. The first one, the so-called direct ap-
proach which directly measures the growth rate of the divergence
between two neighbouring trajectories with an infinitesimal differ-
ence in their initial conditions. The direct method was first pro-
posed by Wolf et al. [46], and then revisited by Rosenstein, Collins
and De Luca [47], and by Kantz [31,48]. The underlying algorithm is
explained in details in Kantz and Schreiber [49] and it is included
in the time series analysis (TISEAN) project by Hegger, Kantz and
Schreiber [50].

The second one, the so-called indirect approach (or Jacobian-
based method) which first fit a model to the data based on ap-
proximations of the trajectories in the reconstructed state space
and then the Jacobian matrices of the model equations are used
to compute the expected Lyapunov exponent. The indirect method
was first proposed by Eckmann and Ruelle [32], which is based on
nonparametric regression methods. Further contributions focuses
on two different approaches. Firstly, those who use some kind of
local lineal regression, see Sano and Sawada [51], Eckmann et al.
[52], Brown, Bryant and Abarbanel [53] or their extension in the
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form of local polynomial regression proposed by Lu and Smith
[54]. Second, other approaches use nonlinear models of neural net-
works, see McCaffrey et al. [34], Nychka et al. [35], Dechert and
Gengay [55], Whang and Linton [56], Shintani and Linton [36,57].

As far as this paper is concerned, we have focused into the ja-
cobian indirect methods using the neural nets approach. Keeping
in mind that financial time series are usually noise-contaminated
signals and characterised by an erratic and persistent volatility in
certain periods, this procedure has the following advantages over
all other methods: (i) its robustness to the presence of (small)
noise; (ii) their satisfactory performance in detecting existing non-
linearities on time-series data of moderate sample sizes; (iii) al-
lows the estimation of the full spectrum of Lyapunov exponents;
(iv) the asymptotic distribution of the estimator can be derived al-
lowing the building of formal tests.

Now, let us show how we have implemented the neural
nets approach. We have assumed following Gencay and Dechert
[33] that there exist a function g:R™ — R™ such that x[" =
g(x{'lt)Jret where xi' are our non-uniform delayed-coordinate
embedding vectors. Under the assumption that the embedding is
a homeomorphism, the map g is topologically conjugate to the un-
known dynamic system f in Eq. 2. This implies that certain dynam-
ical properties of f and g are the same. In our case, the expected
Lyapunov exponents of f and g should be the same, so we can fo-
cus on estimating the exponents from the map g.

The noisy dynamical system g may be expressed as a matrix
by,

Xt; Xti—t
Xti—t Xt;—21
=g + €t
Xti—(m—Z)r xt,v—(m—l)r
Xt;—(m-1)T Xti—mt
U(Xt,-—rv Xt;—2T5 - s Xt;—(m=2)7> Xt;—(m-1)7> Xtﬁmr) €t
Xt—t 0
= + (4)
Xt—(m-2)t 0
Xt;—(m-1)T 0

The jacobian corresponding to the noisy dynamical system g
will be the following,

v v v v v
axti—r axzrzr ax[i—h o 3xti—(m—l)r axti—mr
1 0 0 e 0 0
Dg = 0 1 0 e 0 0 (5)
0 0 0 e 1 0

Notice that the estimation of the expected Lyapunov exponent
by the indirect method is reduced to the estimation of the un-
known nonlinear function v : R™ — R. The different contributions
that compose the indirect method differ in the algorithm used for
the estimation of this function v in the jacobian (Eq. (5)). We have
focused on the neural net approach which is a global nonparamet-
ric method that try to estimate the underlying dynamic system
without imposing the restriction of local linearity. The neural net-
work (or neural net) estimator of the expected Lyapunov exponent
was first proposed by McCaffrey et al.[34] and Nychka et al.[35],
and then revisited by Gengay and Dechert [33] and by Shintani and
Linton [36,57].

Hornik, Stinchcombe and White [58] showed that any standard
feedforward networks with as few as one hidden layer using arbi-
trary squashing functions are capable of approximating any Borel
measurable function from one finite dimensional space to another
to any desired degree of accuracy, providing sufficiently many hid-

den units. In this sense, the feedforward networks are a class of
universal approximators. Theoretically, neural nets are expected to
perform better than other approximation methods, especially with
high-dimensional models, since the approximation form is not so
sensitive to the increasing dimension. The results proposed by the
authors mentioned above have enabled us to obtain a consistent
expected Lyapunov exponent estimator and test the chaotic hy-
pothesis based on the theoretical asymptotic properties of the neu-
ral net estimator.

Notice that if we consider the m-dimensional reconstruction
vector as defined by Eq. (4)

Xt = U(Xtr, Xg—azs - Xt (m-2)r» Xt~ (m_1)7> Xt,-mr )

The neural network estimator can be obtained by approximat-
ing the unknown non-linear function v through a feed-forward
single hidden layer network with a single output by

Q m
VA D= ®o| Qo+ Y D@ @g+ Y @jexe e (6)
q=1 j=1

where ®g € I, &g is the estimated network bias from input, q is
the number of neurones in the single hidden layer, &g are the es-
timated layers connection weights from input to hidden layer, &g
is the transfer function which in our case is the logistic function,
Qq is the estimated network bias from hidden layer, m is the em-
bedding dimension and @;, are the estimated layers connection
weights from hidden layer to output. Notice that in our case the
main reason for using neural network models is not to look for
the best predictive model but to estimate a model that captures
the non-linear time dependence well enough and, additionally, al-
lows us to obtain in an analytical way (instead of numerical) the
jacobian functional of the unknown underlying generator system
(Eqg. (5)). The estimation of this jacobian or partial derivatives will
later allow us to contrast our hypothesis of chaos using Eq. (2). We
have obtained the partial derivates of the jacobian in Eq. (5) apply-
ing the chain rule to Eq. (6) as

30 , e

3y = Po(20) D g ®0(2g)@jq (7)
Xt—jt g=1

where

Q m
Zo =0+ Z w0 Pq(2q), zg=0q+ Z DjgX—jr
=1 j=1

and the estimated partial derivates are given by

JekY) 0 a0 90 0
BXr,—r 3Xt,-72r 3?(['-731 o 3Xri7(m71)z 3xli—mr
1 0 0 0
Dg = 0 1 0 0 0 (8)
0 0 0 e 1 0

Once we have estimated the partial derivates as defined in
Eq. (7) we would get the neural network estimator of the k-th ex-
pected Lyapunov exponent given as

A= Jim LE{log 1,(|Dg"])) (9)

where k=1,2,3,...,m and pu, is the k-th largest eigenvalue of
DgM where Dg" = Dg(x,,,) - Dg(x¢, ) - ---- Dg(x:,) and Dg() is the
estimated jacobian as defined in Eq. (9).

Notice that it is necessary to distinguish between the sample
size n used for estimating the partial derivatives of the jacobian
in Eq. (7) and the block length M as defined in Eq. (9) which is
the number of evaluation points (number of products of the ja-
cobian) used for estimating the k-th expected Lyapunov exponent.
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Table 3

Blocking methods for figuring out the neural network estimator of the k-th expected Lyapunov exponent.

Blocking method Sample size  Block length  Block number Block subset
Full n
1,2,..., M
M+1,M+2,..., 2M
Non-overlapping Blocks M B=n/M
B-1)M+1,B-1)M+2,..., BM
1,1+B,1+2B,..., 1+(M-1)B
2,2+B,2+2B,..., 2+M-1)B
Equally spaced Blocks M B=n/M
B,2B,3B,..., BM
Bootstrap Blocks M B =100 Randomly

Since the number of evaluation points is less than or equal to n,
M can be also understood as the sample size of a subsample. We
have taken into account in our algorithms both the full sample and
three different methods of subsampling by blocks as we show in
Table 3. The first column shows the blocking methods considered.
The second, third and fourth column gives the sample size, the
block length and the block number of each subsampling method,
respectively. The fifth column provides the way in which one picks
the position of each element inside the block where each block B
corresponds to one row. The bootstrap blocking method takes ran-
dom samples without replacement by each block.

The asymptotic properties of the nonparametric neural network
estimator of the expected Lyapunov exponent ik was derived by
Shintani and Linton [36]. They provided a statistical framework for
testing the chaotic hypothesis based on the expected Lyapunov ex-
ponent and a consistent variance estimator. Their results showed
the asymptotic normality of the expected Lyapunov exponent esti-
mators by

m(ik - xk) ~ N(O. @) (10)

where @), is the variance of the kth expected Lyapunov exponent.
They proved that @, is a consistent variance estimator of ¢;. It can
be defined as follows.

. 1 M
Dy = Var(k ) = lim Var| — 11
(o k)= lim i ; M. (11)

where M is the subsampling size, that is equal to n for the full
sample. The quadratic spectral kernel function 7, is given by

Nt = Ex¢ — Ay following Shintani and Linton [36]. The parameter
& is obtained by

6o = 5 log ui(|Dg']) ~ 5 log ui(|Dg ) (12)

where t =1,2,...,M. Then a feasible test statistics were intro-
duced and a one-sided test was proposed for the purpose of testing
the chaotic hypothesis based on the theoretical asymptotic prop-
erties of the neural net estimator. That is, we would know if the
expected Lyapunov exponent values are or not statistically sig-
nificative. Hence our interest will be to test the null hypothesis
Hy : A, > 0 against the alternative H; : A, < 0. The test statistics
can be defined as follows.

~

b= A ~ N(0, @) (13)

v /M
Hence we will reject the null hypothesis if fk < —zo Where z,
is the critical value that satisfies Pr[Z > zy] = ¢ with Z being a
standard normal random variable and « is the significance level.
Under the null hypothesis Hy that the data-generating process is
chaotic, the neural net estimator ik leads to asymptotically valid

inferences in that the associated p-value follows a normal distri-
bution on N(0, @). Reject the null hypothesis Hy : A > 0 means
lack of chaotic behaviour. Thus we have used these results to cal-
culate the standard error of the expected Lyapunov exponent esti-
mator and investigate the statistical significance of the sign of the
exponents. Now, let us focus on the statistical analysis of the tick-
by-tick data considered in this paper.

4. Result and discussion

In this section we provide the main empirical results of this
paper. We are going to compare the estimates of the largest ex-
pected Lyapunov exponent provided by several blocking methods.
We have considered the full sample denoted by XF and three dif-
ferent blocking methods: non-overlapping subsampling s equally
spaced subsampling XE and bootstrap subsampling 5\3, for a review
see Table 3. The results have been obtained using different algo-
rithms publicly available at CRAN repository from our R package
called DChaos [37]. To save CPU time we have set the embedding
dimension 3 < m < 10, the time delay 1 < 7 < 10, the number of
nodes in the single hidden layer 2 < Q < 10 and the length of all
time-series data is showed in Table 1. In particular 720 different
neural nets models have been estimated by each of the 28 tick-by-
tick time-series data in order to obtain the results shown in Fig. 3
and Table 4.

Fig. 3 shows the box-plot diagrams of the largest expected Lya-
punov exponents derived from all the neural network regressions
for each Fx rate based on the bootstrap blocking method. Results
pertaining to the highest day by volume of tick-by-tick data are
shown above. Those of the lowest day are shown below. As one
can see the estimated median value (bold line) of the expected
Lyapunov exponent based on 720 different neural nets models es-
timated are positives in twelve FX rates in both days, see Fig. 3,
only the AUDJPY and USDCAD rates among the 14 currency pairs
considered have a negative value.

Table 4 shows, for each currency pair, the estimates of the
largest expected Lyapunov exponent corresponding to the best-
fitted neural net model (with a lower BIC value) for each of the
four blocking methods. Let us point out some useful information
to understand the results presented in this Table 4. Numbers in
parentheses are standard errors. Into brackets [m, t, Q]. We have
indicated in bold those expected Lyapunov exponent with positive
values. We have also remarked with an asterisk * those expected
Lyapunov exponent that are statistically significant at the 99% con-
fidence level. For the estimation based on blocking methods me-
dian values of all used blocks are presented. For the block length
M we use M = int[c x (n/logn)'/®] with c = 36.2 where int[A] sig-
nifies the integer part of A. The number of blocks B depends on
the sample size n of each currency pair, see Table 1.
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Fig. 3. Box-plot from the expected Lyapunov exponent based on the bootstrap blocking method. We have considered 720 different neural nets models estimated by each
currency pair for 3 <m <10, 1 < 7 < 10 and 2 < Q < 10. Results pertaining to the highest day by volume of tick-by-tick data are shown above. Those of the lowest day
are shown below..

Table 4

The expected Lyapunov exponent values based on several blocking methods by each currency pair (F=Full, N=Non-overlapping, E=Equally spaced, B=Bootstrap). Results
pertaining to the highest day by volume of tick-by-tick data are shown on the left. Those of the lowest day are shown on the right.

[m, 7, Q] AF AN AE Ap [m, 7, Q] AF AN AE Ap
AUDJPY [7,1,10] 0.19177 0.18127 0.18194 0.18199 [7,1,5] —0.02013 —0.01061 —0.01057 —0.01043
(8.1e-04)  (7.2e-03)  (8.4e-03)  (9.0e-03)* (8.7¢-05) (6.9¢-03) (6.7¢-03) (6.6e-03)
AUDUSD [8,1,9] —0.00208 0.00447 0.00445 0.00440 [9,1,8] 0.16010 0.15787 0.15488 0.15413
(1.4e-05) (4.3¢-03) (4.3¢-03) (4.2¢-03) (1.0e-03)*  (32e-03)  (5.0e-03)*  (4.6e-03)*
CADJPY [9,1,9] —0.00094 0.00572 0.00564 0.00557 [10,1,2] 0.17453 0.17184 0.17182 0.17253
(2.0e-05) (4.2¢-03) (4.1¢-03) (4.0-03) (9.0e-04)°  (2.7e-03)  (64e-03)°  (6.1e-03)*
CHFJPY [8,1,10] —0.00054 0.00615 0.00673 0.00672 [7,1,10] —6.9e-06 0.00529 0.00419 0.00423
(8.3e-04) (5.4-03) (5.3¢-03) (5.2¢-03) (9.4e-05) (4.5¢-03) (4.3e-03) (4.6e-03)
EURCHF [7,1,10] 0.37030 0.36021 0.35997 0.36013 [8,1,10] 0.16506 0.16120 0.16179 0.16177
(22e-04)  (7.9e-03)*  (7.7e-03)  (7.5e-03)* (3.0e-03)°  (32e-03)  (3.6e-03)°  (3.9e-03)
EURGBP [7,1,8] 0.00172 0.00564 0.00559 0.00554 [10,1,7] 0.10923 0.10013 0.09987 0.09998
(7.2e-05)  (2.9e-04)*  (2.9e-04)  (2.9e-04)* (9.5¢-05)°  (7.1e-03)  (6.2e-03)°  (6.3e-03)*
EURJPY [7,1,10] 0.31488 0.30518 0.30540 0.30588 [9,1,5] 0.04076 0.03649 0.03624 0.03687
(15e-04)  (5.0e-03)  (49e-03)  (4.9e-03)" (2.1e-05)  (4.0e-03) (42003  (4.1e-03)
EURUSD [9,1,8] —0.00080 0.00759 0.00774 0.00797 [9,1,9] 0.14388 0.14191 0.14017 0.14013
(1.4e-05) (5.0e-03) (4.8¢-03) (4.8¢-03) (7.5e-04)  (12e-02)  (1.2e-02)°  (1.2e-02)
NzDUSD [7,1,9] 0.08501 0.08241 0.08308 0.08281 [8,1,5] 0.29497 0.29438 0.29734 0.29703
(6.4e-04)  (4.3e-03)  (7.4e-03)  (7.9e-03)" (82e-04)  (34e-03)  (7.6e-03)  (7.7e-03)
GBPJPY [9,1,9] —0.00236 0.00372 0.00389 0.00411 [10,1,6] 0.02425 0.02116 0.02098 0.02114
(7.5¢-05) (3.7¢-03) (3.6¢-03) (3.6¢-03) (4.8¢-05)°  (1.5e-03)  (1.0e-03)*  (1.1e-03)*
GBPUSD [10,1,7] 0.01143 0.01664 0.01785 0.01797 [9,1,9] 0.02665 0.03286 0.02690 0.02686
(7.5e-04)  (3.7e-03)  (3.6e-03)  (3.6e-03)* (45e-03)°  (55e-03)  (1.2e-03)°  (1.2e-03)
USDCAD [9,1,8] -0.01118 —0.00549 —0.00530 —0.00504 [7,1,10] 0.61118 0.61610 0.61349 0.61437
(8.1e-05) (4.5¢-03) (4.4¢-03) (4.40-03) (2.6e-02)*  (8.6e-03)  (6.5e-03)°  (6.7e-03)*
USDCHF [8,1,5] —0.00058 0.00427 0.00454 0.00473 [10,1,2] 0.14118 0.13634 0.13615 0.13596
(2.5¢-05) (4.8¢-03) (4.7¢-03) (4.7¢-03) (11e-03)*  (2.1e-03)  (5.0e-03)*  (5.1e-03)*
USDJPY [7,1,10] 0.36246 0.36575 0.36713 0.36957 [8,1,10] 0.3365 0.33253 0.33091 0.33095
(5.1e-03)  (4.8e-03)  (45e-03)°  (4.4e-03)" (2.6e-04)  (3.9e-03)  (45e-03)°  (d.4de-03)

The results shown in Fig. 3 and Table 4 provide the following
conclusions. First, if we take into account a sufficiently high em-
bedding dimension m (above 7) the estimated values of the largest

expected Lyapunov exponent are positives and significants in both

sampled days for the following currency pairs: EURCHF, EURGBP,
EURJPY, NZDUSD, GBPUSD, USDJPY. The currency pairs AUDUSD,

CADJPY, EURUSD, GBPJPY, USDCHF were positives but only signif-
icants on the lowest day by volume of tick-by-tick data, while the
CHFJPY rate was positive but not significant in either day.

The AUDJPY and USDCAD rates are the only ones that show
negative values on one of the two days. Thus these results would
support the hypothesis of chaotic behavior in almost all the ana-
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lyzed time series. Second, we have found in all cases that the op-
timum reconstruction delay 7 is equal to 1 as Takens and Ruelle
suggested [42]. Third, the results provided by the three blocking
methods improve the case of the full sample being very similar
between them. Although, on average, the bootstrap method gives
better results. This result is consistent with the recommendation
proposed by Shintani and Linton [36] on the use of blocking meth-
ods instead of full sampling when estimating the Lyapunov expo-
nent.

We have been able to detect chaos directly from real-life eco-
nomic data, at least in the 14 currency pairs analysed and during
the days chosen. Hence the results obtained in this paper would
support our proposal that chaos is elusive in most financial em-
pirical studies because of loss of information that occurs when
daily quotes are used. This could hinder the detection of chaos in
those time series. We propose taking into account all the informa-
tion available in the financial markets (full sample information on
quotes) instead of daily data. In this sense we have obtained a pos-
sible explanation to this chaos model-data paradox, at least in the
14 tick-by-tick rates and days considered.

5. Conclusion

It has been more than four decades since ideas from chaos be-
gan appearing in the literature showing that it is possible to de-
sign economic models in regime of chaotic behaviour from a theo-
retical point of view. However there is no clear evidence that eco-
nomic time series behave chaotically. So far researchers have found
substantial evidence for nonlinearity but relatively weak evidence
for chaos. In this paper we have cleared up this chaos model-data
paradox in the field of economics showing a possible answer to it,
at least when studying financial time series. Chaotic systems are
sensitive to initial conditions, so temporal dependence in chaotic
time series is lost as the series are sampled at too long time inter-
vals, appearing as independent, even though their underlying gen-
erator system could come from a chaotic dynamical system. In the
case of financial time series, which quotes are continuously traded
on markets, the daily sampling may be too long.

We have used 14 currency pairs on the Foreign Exchange Mar-
ket to test our suggested solution to the chaos model-data para-
dox. Our main hypothesis is that chaos is elusive in financial em-
pirical studies because of loss of information that occurs when
daily quotes are used. This could hinder the detection of chaos in
those time series. We propose taking into account all the informa-
tion available in the financial markets (full sample information on
quotes) instead of daily data. If one wants to detect chaotic signals
inside financial time series, we also recommend using lagged re-
turns instead of classical daily returns with the purpose of preserv-
ing the dynamic dependence on information. In our case we have
calculated them considering a lag or order of differentiation less
than a day, between 9 and 16 hours, as indicated by the first min-
imum of the mutual information function for each currency pair
studied.

Most of papers published in financial literature on FOREX so
far deal with data equally spaced in time, both in low-frequency
(daily) as in high-frequency (1-hour, 30-min, 10-min, 1-min and
so on). However this financial market is characterised by its al-
most continuity, though FX tick-by-tick rates do not follow a con-
stant rhythm. That is, these tick-by-tick time series are not sam-
pling by a fixed time interval. This fact entails several difficulties
due to process a huge quantity of information and regarding the
attractor reconstruction. In this sense we have implemented an al-
gorithm in order to construct the non-uniform embeddings from
our lagged returns time series. This procedure have enabled us to
obtain a consistent expected Lyapunov exponent estimator and test
the chaotic hypothesis based on the theoretical asymptotic proper-

ties of the neural net estimator. These algorithms belong to our R
package DChaos publicly available at CRAN repository [37].

We conclude this paper asserting that we have been able to
detect chaos directly from real financial data on the Foreign Ex-
change Market. Nevertheless, we have not intended to generalize
this finding to all financial series or even to all FOREX series. The
main interest of our paper has been to illustrate that by choosing
a tick-by-tick frequency instead of a daily one, with the purpose of
preserving the dynamic dependence on information, we could find
chaos. At least, in the 14 tick-by-tick Fx rates and the days consid-
ered. As far as we know these kind of FX tick-by-tick rates have
never been tested for chaos. This fact could open up a new line of
research in which new contributions may appear considering other
financial assets, periods and jacobian indirect methods as convolu-
tional neural nets, local polynomial regression or local neural nets
to estimate the expected Lyapunov exponent.
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