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Liquid surface stiffness generates stable Faraday wave (FW) patterns, known as hydrodynamic crystals,
which form resonant FW lattices composed of discrete harmonics and subharmonics under monochromatic
driving. Key interactions include inertia-driven parametric resonance, which halves subharmonic modes, and
surface rigidity harnessing three-wave coupling, which focuses the nonlinear harmonic wave field. Here, we
reveal these wave interaction processes allowing coherent FW packets to organize in space and time while also
exciting decoherent disorder in the hydrodynamic crystal lattice. Collective excitations are shown to emerge as
dispersionless dislocation waves, causing periodic amplitude modulations due to explicit symmetry breaking.
From a field theory perspective, we show chaotic FW degeneration leading to hydrodynamic crystal melting via
continuous mode halving under forcing, akin to Landau’s theory of chaotic turbulence.
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I. INTRODUCTION

Hydrodynamic crystals (HCs)—a paradox of order built in
disorder upon broken symmetries [1,2]—represent an exotic
state of oscillatory fluid matter emerging from interactions far
from equilibrium [3]. Yet fluid, hydrodynamic oscillations can
exhibit solidlike properties, such as in microfluidic crystals
[4,5]. Hypothetically, intrinsic stiffness would impart hydro-
dynamic order into waving patterns emerging from losing
fluid symmetries [6–8]. In tensioned fluid surfaces, when the
liquid is forced against bulk inertia, for instance, the Fara-
day wave (FW) instability engenders resonant wave fields
[9]. Subharmonic FW fields emerge from frequency halving,
as a parametric resonance with the driving source [10]. In
a previous work, we created freestanding HCs by exciting
monochromatic FWs on a rigidized water surface stabilized
by a shear-stiffening surfactant [11]. Highly discretized FWs
composed of nonlinear capillary waves (CWs)—hereinafter,
Faraday-capillary waves (FCWs)—emerge from three-wave
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interactions [12–14], an exact (conservative) class of reso-
nant coupling [10]. Under sufficient surface-intrinsic rigidity,
coherent FCWs appeared self-focused into localized density
packets, forming a “frozen” HC lattice with a locked wave
phase (see Ref. [11] and Supplemental Material therein). Such
freezing of FCW-HC is solely due to surface-intrinsic rigidity,
without any bulk stress needed [11], neither elastic [14,15]
nor merely frictional [16,17], nor due to extrinsic constraints
[18,19].

Nevertheless, the Faraday instability may become the
Achilles heel for excited HCs; if newer subharmonic tra-
jectories bifurcate from the “frozen” FCWs [20,21], more
subharmonic modes could become “molten” into multiple
degenerated states associated with lattice defects [11,22].
Indeed, mode-halving (subharmonic) disorder can lead to
slower cascades of disarranging modes growing from local-
ized defects up to larger scales, causing the lattice interactions
to disentangle, eventually leading to hydrodynamic crys-
tal melting [23–25]. Previous studies on FW patterns of
CWs harnessed by bulk friction treated lattice-disordering
modes [15–17] as wave modulations under viscoelastic drag
[26,27]. Some authors invoked effective elasticity as a putative
regulator, though no material substrate existed for surface
wave ordering beyond extrinsic friction [15]. Recently, a
quasiperiodic transition from square patterns to defect-riddled
states was reported in friction-supported FCW patterns [28].
A lattice-extrinsic, boundary-mediated defocusing mecha-
nism was identified as amplified disorder in the pathway to
melting [28].
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FIG. 1. Hydrodynamic crystal and dislocation mode. Discrete
surface waves in the capillary Faraday wave (FCW) domain (ω0 =
185 Hz � ωcap) at � > �F ≈ 0.2 (left panels; approximate scale
5 mm). Wave field spectral densities detected by LDV as discrete
cascades of harmonics ωn = nω0, of the fundamental mode ω0 (black
arrow, right). They decay at inertial scaling (PSD ≡ Pψψ ∝ ω−5,
red), including the Faraday subharmonic (ω1/2 = ω0/2; red arrow)
and overtones (ωn/2 = nω1/2). Brownian randomness is evident in the
noisy background (friction-filtered ω−3 decay; blue); see (Ref. [11])
for details. (a) Disordered (incoherent) FCWs in a bare water surface
(1.8�F). (b) HC lattice based on coherent FCWs in an adsorbed layer
of aescin (0.4 mM), same conditions as in (a). An organized FCW
field emerges as a square lattice for which the spectral peaks narrow.
(c) Lattice excitation as a propagating line defect (at 2�F); a dynamic
peak appears at �0 = 1.8 Hz � ω0.

In this work, we use the intrinsically frozen HCs to
study lattice defects, single and collective, as the breakdown
route for crystal disorder and further melting upon excitation.
Figure 1 highlights the resonant FCW instability, genuinely
subharmonic, guiding two opposite lattice processes: first,
HC freezing upon coherent wave field focusing on low en-
ergies [Figs. 1(a) and 1(b)], then lattice dislocations through
defocusing at higher energies [Fig. 1(c)]. These solid-like
interactions pertain to a flexural FCW domain, frozen under
intrinsic shear stiffness [11]. Our previous results demon-
strated FCW-field self-focusing essential for HC freezing
as an organization of the discrete nonlinear modes in a
structured lattice [11]. So far, wave decoherence mecha-
nisms, like defocusing and phase unlocking, have not been
analyzed considering material components, such as iner-
tia, surface elasticity, and friction. However, these factors
are crucial in explicitly breaking symmetries within the
discretely generating wave field [10,29]. We analyze lat-
tice disorganization through single-line defects emerging

among nonlinearly halved FCW modes, akin to Taylor
dislocations apppearing in microscopic crystals under me-
chanical stress or heat [30]. Although some symmetry
breakdowns have been studied using granular matter [23], and
in bounded realizations under frictional control [15,31], col-
lective lattice instabilities leading melting mediated by lattice
defects on HCs have not been reported hitherto.

The paper is divided into two complementary parts,
combining experiments and theory to explore fluid matter
components, symmetries, and interactions involving self-
focused FCW lattices leading to ordered HC freezing and
disordering counterparts e.g., crystal distortion and melting.
First, we present experiments that highlight the FW behav-
ior of freestanding square HC lattices, stabilized by intrinsic
surface stiffening, in both steady-frozen states and during
the dynamic transition to chaotic melting. Second, we intro-
duce a nonlinear field theory (Landau-Ginzburg) that explains
those processes driven by massive FCW interactions under
parametric resonance. We discuss the experimental find-
ings within a matter-wave theoretical framework considering
Faraday (wave-halving) instability, which creates HC order
through coherent self-focusing and induces disorder under
symmetries broken among massive modes. We summarize our
conclusions, adopting the matter-wave perspective, extending
this notion to the discrete and coherent FCW packets rep-
resenting correlated fluid elements arranged as HCs in two
dimensions.

II. EXPERIMENT

To excite discrete, nonlinear FCW fields, we followed
the same rationale as described in Ref. [11]. Briefly, CWFs
emerge as frequency-halving resonances from a fundamen-
tal driving frequency (ω0), above a critical acceleration (aF)
(see the Supplemental Material, Fig. S1 [32]) [9,10], and in
cylindrical vessels aF ≈ 8μ(ρ/σ )1/3(2πω0)5/3 (fluid charac-
teristics: μ kinematic viscosity; ρ density; σ surface tension)
[33]. Vertical vibration was driven with an acoustic speaker
powered at a single frequency ω0. Upon monochromatic
power A(t) = A0 cos(ω0t), the FW field appears with am-
plitude ψ0 ∝ A0, under liquid acceleration a0 ≡ A0ω

2
0 � aF.

Relative to the acceleration of gravity (g), the reduced driving
parameter � ≡ a0/g is varied along the FCW interval [ω0 �
ωcap = (4ρg3/σ )1/4 ≈ 15 Hz]; for water at room temperature,
� � �F(≡ aF/g) ≈ 0.2 [10]. Accordingly, container vessels
were chosen with dimensions larger than the fundamental
FCW length, i.e., L � λF ≈ 2π (σ/ρω2

0)1/3 [10,33]. No grav-
ity waves were further considered (at ω < ωcap). To realize
HCs on highly tensioned water surfaces (σ ≈ 0.07N/m), we
used the soluble surfactant β-aescin, a shear-stiffening agent
able to self-focus the surface FW field [11]. Since requesting
intrinsic rigidity higher than surface tension (G � σ ) (Sup-
plemental Table T1 [32]), HC realizations are formed stable,
reformable, and tunable along a reversible FCW freezing-
melting scenario (Supplemental Movie M1 [32]).

III. FCW DISPERSION

We analyzed phenomenological λF − ω0 plots (Supple-
mental Fig. S2 [32]). In bare surfaces (G = 0), disordered
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FCWs followed Kelvin’s (liquidlike) dispersion law ω2
C ≈

σk3/ρ, with higher wave vectors k, resulting in faster veloc-
ities due to surface fluidity [20]. Adding surface-rigidizing
aescin (G � 0) transformed FCWs both structurally, by
ordering HCs upon, and dynamically, by turning them disper-
sionless (solidlike), as acoustic “crystal waves” in a regular
lattice [30]. Specifically, 0.4 mM aescin decreased surface
tension (σ ≈ 0.04N/m), enhancing surface hardness (G ≈
1N/m � σ ), upon freezing with sufficient surface stiffen-
ing κ ≡ G/σ � κfr ≈ 2, as determined experimentally [11].
Stable, squared HCs were obtained above the capillary fre-
quency (ω � ωcap), resulting in FW lattices with C4 symmetry
[30] (Supplemental Fig. S3 [32]), as based on three-wave
resonant coupling [10,12]. These squared HCs established a
conservative FCW field mastered by the fundamental Faraday
wave ω0/2 = cF kF [10,29], characterized by locked phase
at constant velocity cF ≈ (G/ρh)1/2 = 0.35 ± 0.02m/s [30]
(taking G ≈ 1N/m, ρ ≈ 1g/cm3, an effective thickness is
estimated compatible with wave field amplitude h ≈ ψ0 ≈
1 cm). In other words, HCs are coherent crystal waves (self-
focused) in ordered lattices with a unit cell size a ≡ λF =
2π/k1/2.

IV. LASER DOPPLER VIBROMETRY (LDV): FCW
SPECTRUM AND PHASE SPACE

The surface wave field ψ (r, t) was analyzed by laser
Doppler vibrometry (LDV), measuring the velocity ψ̇ (t) de-
tected in a surface emplacement at phase lock-in with the
driving signal A(t). Vertical displacements are obtained by
stepwise integration ψ (ti+1) = ψ (ti ) + ψ̇ (ti )�t (�t being the
time step); we compute the power spectral PSD(ω) ≡ Pψψ ≡
∫ |ψ (t)|2e−iωtdt = Pψ̇ψ̇ /ω2 (Fig. 1, right). Because of natural
stochasticity, we cannot plot deterministic position-velocity
portraits (ψ − ψ̇). Instead, we charted as phase portraits the
densities of states explored along the time series (PDFs). The
statistical energy landscape approached the Gibbs distribution
U/kBT ≡ −ln(PDF). To calculate systemic circulations as
probability currents in phase space, we exploited statistical
bootstrapping methods developed to detect broken detailed
balance in complex systems [34].

V. HC FREEZING

FCW fields appeared as a superposition of two spectral
cascades (ψ ≡ ψ (0) + ψ (1/2)) (Fig. 1, right): the ordinary
harmonic (o) led by the fundamental mode (ω0) and the ex-
traordinary subharmonic (e) following the Faraday halving
excitation (ω1/2 ≡ ω0/2) [10,11]. Both decay at paramet-
ric resonance Pψψ ∼ F2

0/ω
5
o,e ∼ �2ω−5, akin to a nonlinear

oscillator (NLO, Duffing-like) restored by inertia under quar-
tic stiffness and frictional dissipation (Supplemental Note
N1 [32]) [11,29]. Hence the NLO modes are relatively
broad in the dissipative liquidlike regime [Fig. 1(a)] and
become sharply defined in the highly stiffened solidlike
regime [Fig. 1(b)]. In aescin-stiffened water surfaces (κ ≡
G/σ � κfr ≈ 2), just above the Faraday threshold (� � �fr ≈
1.8�F), we excite square lattices of planar FCWs (C4 sym-
metry). Obviously, HCs are nonequilibrium structures unable
to form spontaneously in the absence of the pilot FCW field

(at � < �fr). Hence HCs were considered at a reference
state ω0 = 175 Hz, well above the capillary frequency to
avoid gravity effects (ω0 � ωcap); here, the ordered FCWs
resonate with oscillating bulk inertia giving rise to a distinc-
tive FW subharmonic (ω1/2 = 87.5 Hz) with a fundamental
wavelength (λ1/2 ≈ 1.03 mm) (Supplemental Fig. S3 [32]).
Not only for the chosen reference �0 state, but systemati-
cally across the FCW domain (Supplemental Fig. S4 [32]),
we found squared HC lattices with unit cells smaller than
the vessel dimensions (λ1/2 � L). No boundary constraints
nor meniscus effects were relevant in the FCW/HC setup
[11].

As a rule of thumb, Fig. 1 illustrates HCs primarily distort-
ing through Taylor-like dislocations appearing along principal
lattice axes (see also Supplemental Movie M2 [32]). Like-
wise, progressive energy injection elicits newly excited FCW
subharmonics as mobile line defects, leading to phase de-
focusing and collective distortion (Supplemental Movie M3
[32]), and eventually to chaotic crystal melting (Supplemental
Movie M4 [32]). Without aescin added, the FWs appeared to
be surface disordered (at � = 1.8�F). At 1.8�F forcing, the
presence of aescin “freezes” the FCWs into square HCs, form-
ing regular lattices under wave field self-focusing [Fig. 1(b),
left] [11]. Characteristic FW spectral features are preserved
in this focused state, showing evident peak narrowing as
crystal order increases [Fig. 1(b), right] [11]. A weak energy
increase (2�F), elicits a single dislocation to appear (Taylor-
like), causing mobile lattice distortion [Fig. 1(c), left]. This
excitation is spectrally identified as a slow propagating mode
�0 ≈ 1.8 Hz � ω1/2 [Fig. 1(c), right]. Therefore, we ana-
lyze the FCW-interaction phenomena in a unified mean-field
theory describing Faraday interactions responsible for both
freestanding HC formation, and intrinsic disorder instabilities
towards turbulent melting [21].

VI. HC LATTICE PHENOMENA: INTRINSIC FREEZING
AND DISORDER MEDIATED BY DEFECTS

Figure 2 shows an experimental sequence of tunable FCW
fields leading to freestanding HC lattices with a relatively
large unit cell (for a � L). Even if framed in a circular bound-
ary, these low-frequency FCW/HCs do preserve the square
C4 symmetry (Supplemental Fig. S5 [32]). They span from
disordered FCWs (liquidlike), leading to HC freezing (solid-
like), up to the molten crystal state (fluid), through lattice
excitations (disordering). A nontrivial dynamics is evidenced
from systemic probablity circulations (Fig. 2, lower panels).
Disordered FCWs behave like a delocalized Duffing NLO
[Fig. 2(a)], while ordered HCs exhibit centripetal dynamics
typical of a locked resonator [Fig. 2(b), HC-0 ground state]
[10,29]. As the HCs become distorted, lattice dynamics evolve
from slight centrifugal trends to more pronounced external
orbits in a weakly defocused field (slightly excited crystal;
exc-HC at 2�F). This reversible progression follows periph-
eral orbiting under increased field defocusing (distorted lattice
at 6�F, dist-HC). Finally (at � � 8�F), the system reaches a
molten state dominated by frictional penalties on fast motions
[Fig. 2(c)]; here, the largest wave height occurs at the slowest
velocity.
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FIG. 2. FCW-field states and phase-space currents: (a) Disordered FCWs with defocused dynamics. (b) Square HCs at variable degrees
of lattice distortion; HC-0: Zero-energy state, near-perfect crystal in a focused field promoting resonant orbits around the ground state; exc-
HC: excited state with nascent dislocations from field defocusing; dist-HC: distorted lattice with collective excitations leading peripheral
resonant dynamics. (c) Molten crystal under frictional death. Let us notice the freestanding character of the FCW/HC structures with a square
capillaritylike geometry in a circular container of relatively small size (L = 5 cm; a ≡ λF ≈ 0.4 cm; ω0 = 40 Hz > ωcap).

VII. PROPAGATING DEFECTS AND COLLECTIVE
DISTORTIONS

Figure 3 shows LDV spectra measured for the reference
state (ω0 = 175 Hz) at distinct stages of lattice distortion
(see also Supplemental Fig. S5 [32]). Single dislocations ap-
pear only at small deformations just above the freezing point
[� ≈ 2�F � �fr, Fig. 3(a)], exhibiting propagative charac-
teristics indicative of material elasticity enabled by in-plane
stiffness. The natural dislocation frequency is fixed by lateral
surface rigidity �0

∼= (G/h3ρs)1/2, ρs being a surface mass
density. Given �0 ≈ 1.8 Hz, we estimate ρs ≈ 8g/cm3 �
ρ (for G ≈ 1N/m), representing a highly massive layer of
thickness h = ρs/ρ ≈ 1 cm, comparable to wave dimensions
(h ≈ ψ0 � λ1/2). Well above the freezing point (at 4�F ),
we still detect the fundamental dislocation peak (�0), fol-
lowed by a cascade of harmonics (2�0, 3�0, · · · ), with a
scaling structure resembling the Faraday resonance [ω−5 in-
ertial decay over an ω−3 frictional background, Fig. 3(b),
left]. Here, the crystal dislocations self-organize into a col-
lective lattice distortion with a wavelength 
 ≈ 3.2 cm (Q ≡
2π/
 ≈ 2 cm−1), effectively a massive spatial modulation
(
 = Nλ1/2, spanning at least N ≈ 18 unit cells (Fig. 3,
right). Assuming crystal homogeneity, we estimate the mas-
sive mode propagating at a constant velocity c� ≡ �0/Q ≈
10−2m/s � c, slower than lattice-wave phase velocity (cF ≈
0.3 m/s), which is consistent with the visual observation
(Supplemental Movie M3 [32]). Additional forcing (at 6�F)
caused collective excitations with a canonical Faraday o/e
structure: ordinary harmonics �n = n�0 and extraordinary
subharmonics �n/2 = n�1/2, both emerging from the fun-
damental resonance �1/2 = �0/2 ≈ 0.9Hz [Fig. 3(c), left].
These strong lattice distortions appear as collective defect
modulations [Fig. 3(c), right], akin to an inertial Faraday
resonance causing massive oscillatory lattice distortions (Sup-
plemental Movie M5 [32]). We emphasize the progressive
halving nature of these collective lattice excitations (nonlinear
�n,n/2, phononlike), whose early signature appeared from the
single-line dislocations propagating at �0. Further forcing

at 8�F causes structural disorder to spectrally superpose as
a Landau spectral continuum (above the critical amplitude
�crit ≈ 7�F), compatible with the frequency-halving instabil-
ity associated with fluid turbulence [20,21]. Peak broadening,
mode superposition, and the shift from inertial scaling to fric-
tional decay characterize this “molten” FCW state [Fig. 3(d),
left], with steady “liquid” capillary waves becoming turbulent
[Fig. 3(d), right]. These resonant behaviors are consistently
reproduced under different excitation conditions (ω0 and �

relative to Landau’s critical onset of fluid turbulence �F),
with solidlike lattice defects and liquidlike dynamics ap-
pearing underneath. On the one hand, the structural mode
appears nondispersive in the low forcing domain (� � 7�F)
i.e., �0 = c�Q, with a constant propagation velocity c� =
1.1 ± 0.1cm/s [Fig. 3(e)], consistent with above estimates.
On the other hand, dissipation becomes evident at high forcing
(� � 7�F), as all spectral peaks broaden due to �-induced un-
steadiness [Fig. 3(f)]. The most ordered crystal, identified by
sharp spectral peaks (at �fr ≈ 1.8�F ), becomes progressively
broader during melting. The chaotic molten crystal exhibits
liquidlike unsteadiness akin to a bare water surface [Fig. 3(f)].
Expanding on Landau’s conjecture for chaotic turbulent flow
[20,35], we propose that this intrinsic unsteadiness is essential
for HC melting via lattice breakdown (Supplemental Movie
M3 [32]).

VIII. HC FIELD THEORY: POTENTIAL ENERGY

Figure 4(a) shows energy landscapes based on experimen-
tal PDFs calculated for reduced displacements ψ → ψ/ψ0.
Different interactions and symmetries in the FW formation
were revealed in representative scenes (at � � �F), ranging
from (left to right) disordered fluid of unfocused FCWs with-
out rigidizing aescin (� < �fr, κ ≈ 0), hydrodynamic crystal
under aescin-induced surface stiffening (at �fr ≈ 1.8�F , with
κ > κfr), emergent crystal dislocations (at � � 4�F), and
crystal melting into a turbulent fluid above the critical
Landau’s threshold (at � � �crit). From a field theory perspec-
tive, considering these symmetries [36], the potential energy

043142-4



COLLECTIVE LATTICE EXCITATIONS IN THE … PHYSICAL REVIEW RESEARCH 6, 043142 (2024)

FIG. 3. Crystal melting under collective lattice excitation. HCs
distorted upon increasing forcing (�): Left: LDV spectra. The FCW
field appears as a nonlinear cascade from the natural frequency
(ω0 = 185 Hz). The (sub-) harmonic decay is governed by inertia
(∼ω−5). The spectral background is limited by friction (∼ω−3).
Straight lines represent expected scaling; dashed lines are guides for
the eye for vanishing behavior. Structural distortions do appear in
the low-ω band. Right: Real lattices (scale bar 5 mm). (a) Weakly
distorted square lattice at 2�F , with single dislocations propagating
at �0 ≈ 1.8 Hz. (b) Collective lattice modes at 4�F ; composed
by an inertial o cascade (∼�−5), of structural modes (fundamental
�0, and higher harmonics 2�0, 3�0, · · · , left), causing collective
lattice distortion of wavelength 
 (right). (c) Distorted lattice at
6�F . The collective mode undergoes frequency halving at �1/2 ≈
0.8 Hz ≈ �0/2, with extraordinary cascade at n�1/2, superposed to
ordinary cascade at n�0. (d) Molten crystal at 8�F . Through effec-
tive frequency-halving bifurcation, low-frequency surface distortions
broaden spectral peaks, resulting in a continuous spectrum known as
Landau’s turbulence spectrum (∼ω−2). (e) Dispersion relation for the
structural mode. Symbols: experimental data; straight line: linear fit
to nondispersive relationship. (f) � dependence of spectral unsteadi-
ness measured as peak widths for fundamental mode (γ0); Faraday
subharmonic (γ1/2). Experimental series: bare surface (magenta); HC
(white).

expands as a generalized NLO potential:

U(ψ )/U0 = kψ2/2 + αψ3/3 + βψ4/4 + δψ6/6. (1)

Here, k is a dimensionless spring constant representing
the harmonic FCW force governed by surface tension, with
anharmonic couplings α, β, and δ from surface-intrinsic
interactions. Zeroth-level energy U0 ≡ kψ2

0/2 determines
the normalization constant at forcing amplitude F0 = kψ0,

i.e., U0 = F0ψ0/2. Relevant timescales are based on the
fundamental frequency (ω0), with k ≡ σeff/mω2

0 and β ≡
Geff/mω2

0, defined in terms of effective surface stiffnesses
(σeff and Geff ) and inertial mass (m ≡ F0/A0ω

2
0) [11]. Due

to rotational invariance (fluidity), the vacuum state main-
tains parity symmetry and is characterized by a harmonic
response k > 0, plus quartic coupling β > 0 [10]. This
fluidlike state encodes the FCW interaction [10,11,29], as
well as the nonlinear (three-wave) generation through direct
field self-interaction ψ2 
→ ϕ [40]. False vacuum states in-
dicate effective fluid metastability (k < 0) [37]. The quartic
structure translates the square-lattice C4 symmetry into an
equivalent harmonic FCW field; if ϕ = √

2ψ2/2, we cast
Uβ = βψ4/4 
→ kβϕ2/2 upon quartic spring constant kβ ≡ β

[11,36]. The stiffening parameter is redefined as κ ≡ β/k ⇒
G/σ . Parity symmetry is lost under cubic coupling (α 
= 0).
In order for stable vacuum to happen, a bounding term is
introduced (0 < δ < |β|), enabling surface integrity through
mean-field confinement.

IX. HC FIELD: SYMMETRIES

The disordered FW liquid (at � � �F and low κ) is char-
acterized by a slightly repulsive harmonic response (k � 0)
and marginal quartic nonlinearity under Faraday resonance
U ≈ UL ≈ kψ2/2(1 + κψ2/2) (Fig. 4(a), left). However, at
1.8�F ≈ �fr, hydrodynamic crystal freezing occurs as the
FCW field self-focusses under relevant stiffening (κ � 1).
Above the freezing point (κ > κfr = 2), with sufficient driv-
ing force higher than capillary F0 > Ffr = 3(2k3/β )1/2 (at
Uβ > UL), the ground HC state holds U(0)

HC ≈ UL + βϕ2/2;
for the real hydrodynamic crystal, we estimate κ ≈ 20 � κfr

[Fig. 4(a)], second panel). At 4�F, collective lattice distortion
occurs due to explicit symmetry breaking [Fig. 4(a), third
panel]. Here, HC field parity is broken by cubic excitation,
with U(exc)

HC ≈ U(0)
HC + αψ3/3 (for α2 � 4kβ � 0). This rep-

resents the structural mode �0 (and relative �n) shifting to
ψ

(exc)
0 ≈ −α/β in an effectively focused spring k(exc) ≈ k +

α2/β, with enhanced nonlinear stiffness β (exc) = β + 2α/3
[35]. At 8�F, the HC field becomes completely defocused un-
der repulsive quartic interaction [HC field softening at β � 0;
Fig. 4(a), right]. Here, the molten lattice becomes more stable,
as a disordered liquid (Umelt < UHC), although potentially
unsteady [Fig. 3(f)].

X. EQUATION OF MOTION: RIGIDNESS-HARNESSED
NLO DYNAMICS IN A PARAMETRIC RESONATOR

Inspired by the Kolmogorov-Zakharov-Filonenko (KZF)
theory for capillary wave turbulence [38,39], surface stiffness
is proposed to form the dynamic framework for FCW con-
densation [11]. The KZF field determines the spatial structure
imposed by Laplace stresses (curvature-surface tension) and
the three-wave colliding kinetics described by the nonlinear
Schrödinger (NLS) equation [40],

iψt + k∇2ψ + β|ψ |2ψ = 0, (2)

which describes nonlinear, inviscid surface propagation by
CW genesis under three-wave couplings [20]. This Partial
differential equation accounts for Laplacian symmetries likely
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FIG. 4. Energy landscapes and Duffing-NLO dynamics. (a) Potential energy in representative states (experimentally inferred as U/U0 =
−ln(PDF)(ψ̄ ) for ψ̄ = ψ/ψ0; normalization U0 = −ln(PDFmax) and ψ0 = 2 mm). Symbols: experimental data. Straight lines: best fits to
the NLO potential in Eq. (1) (disordered FCWs: k = −0.1, κ = 1.1, α = 0; near-ordered crystal k = 1, κ = 19.8, α = 0; distorted crystal
k = 1, κ = 19.9, α = 40.3; molten crystal k = 0.9, κ = −3.2, α = 0; 10% typical uncertainty; reduced units referred to m = 1). All NLO
potentials are corralled by a perimetric wall as U = UNLO + δψ̄6 (δ < 1), which accounts for effective surface confinement (U ≈ UNLO for
|ψ̄ | < 1 and U → +∞ for |ψ̄ | � 1). (b) NLO spectra at increasing force F0 [NLO parameters inferred from (a)]. Main parametric resonance
features are predicted including Faraday field ψ (0)Uψ (1/2), and modulation modes �n. (c) Theoretical phase portraits for the NLO resonator at
representative states [same potentials as in (a)]; forcing amplitude F0 by reference to Ffr = kψ0). A representative trajectory during a 103/ω0

cycle is snapshooted over the calculated energy landscape. Arrows indicate global circulations in phase space. (d) Experimental phase portraits
for the corresponding FW status [same symbols as in (c)]. (e) Experimental lattice susceptibility for the HC collective modes at variable surface
stiffening. Straight line: best fit to a linear dependence for amplitude modulation modes.

imposed by governing surface tension [20]. However, NLS
dynamics lacks the momentum term needed for the FW field
under parametric resonance [10,29]. Assuming NLS compat-
ibility with the Stokes flow in FCW excitation, we propose a
minimal, comprehensive NLO with a forced field ODE struc-
ture derived from Eq. (1). Under homogeneous forcing and
viscous dissipation, we reformulate the wave field equation of
motion as

mψtt + ζψt + kψ + (α + βψ + δψ3)ϕ = F (t ). (3)

This NLO-Duffing generator enables Faraday resonances
between wave inertia (represented by the inertial mass m)
and the monochromatic driving source F (t ) = F0 cos(ω0t ).
It drives a spatially homogeneous, time-discretized response
ψ = ψ (0) + εψ (1/2), composed of main lattice wave field ψ (0)

led by the natural oscillatory response ω0 = (k/m)1/2, and
subsidiary (ε < 1) subharmonic field ψ (1/2) ∝ ψ2 
→ ϕ, bi-
furcating under parametric resonance at self-interaction, i.e.,
ϕ̈ = −ω2

1/2(ψ + α/β )ϕ [6,21]. The resonant half-harmonic
ω2

1/2 = β/m1/2 arises from quartic stiffening (β > 0), gener-
ating FCW packets of mass m1/2. Since ω1/2 ≡ ω0/2, thus
m1/2 ≡ 4mκ , meaning field stiffening effectively increases ϕ

inertia. The kinetic term assimilates to a generalized drag with
a complex friction coefficient ζ ≡ ζvisc + iω0m; in the inviscid
case (ζvisc = 0) it reduces to the inertial NLS structure (ζ =
iω0m). This basic NLO dynamics matches observed phenom-
ena [11], particularly, inertia-driven Faraday ω−5 cascades
and ω−3 frictional background [11]. Generalized frequency
and phase locking, frequency halving, and systemic dis-
cretization are also predicted as NLO-FCW features essential
for the Faraday bifurcation forming the squared HC (see
Supplemental Materials in Ref. [11]). Understanding these
collective massive excitations under Faraday instability is cru-
cial for studying crystal melting.

XI. COLLECTIVE EXCITATION: HC SYMMETRY
BREAKING

Figure 4(b) shows NLO predictions in agreement with
experimental spectra (Fig. 3). At κ � κfr, the parent o cas-
cade ψ (0), as well the FW-resonant extraordinary field ψ (1/2),
appear both as intercoupled HC field generators [Fig. 4(b),
lower panels]. Above the freezing point (F0 > Ffr), a structural
excitation emerges as a NLS-modulation instability [41,42],
appearing as a nondispersive, massive collective resonance
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of subharmonic frequency �1/2 = �0/2 ≡ (k/M )1/2 ∝ ω0,
where M ≡ ρ
2h ⇔ ρsh3 is reinterpreted here as the total
inertial mass of a collective disordering excitation (Supple-
mental Movie M5 [32]). In line with the cubic asymmetry
appreciated in distorted lattices [Fig. 3(b)], a structural
�n cascade appears when parity is explicitly broken (α >

β � 0). Effective stiffening occurs then (β (exc) > β), and
secondary resonances refocus within this excited state. Con-
sequently, additional NLO forcing causes �n/2 halving from
such an odd α-perturbed state akin to collective distortions in
real lattices [Fig. 3(c)]. At high forcing, Landau’s continua
are predicted in defocusing potentials (κ < 0), indicating
symmetry losses during the melting transition [43]. NLO-
Duffing-like friction also limits unsteadiness, especially at
high energy [Fig. 4(b), upper]. Figure 4(c) shows theoretical
phase portraits in their energy landscapes, serving as ODE-
NLO predictors compatible with peripheral orbiting observed
in real lattices [Fig. 4(d)]. Even with noise, trajectories focus
under lattice freezing and defocus under symmetry distor-
tion (Supplemental Movies M6–M9 [32]). These simulations
highlight quartic self-interactions as key ordering-disordering
factors governing the Faraday-halving bifurcation from frozen
crystal to molten fluid.

Collective lattice distortion and eventual melting occur
as explicit symmetry breaking from the ground crystal state
upon collective Faraday excitation [Figs. 4(c) and 4(d)].
The inertial and massive nature of these distortions is evi-
dent as the dislocation modes propagate without dispersion
[Fig. 3(e)]. They appear as modulation modes under inertial
control [11], emerging at frequency �0 = χω0, determined
by the unit cell size (fixed by ω0) through a lattice suscep-
tibility χ [30]. Figure 4(d) presents experimental data for
different shear rigidities above the freezing point (G � Gfr ≈
0.1N/m). The results indicate a common susceptibility χ =
0.010 ± 0.006, independent of surface freezing and external
forcing.

From a matter-wave perspective, the FW packets are lo-
cated at the lattice nodes as pseudoparticles with inertial mass
concentrated over their wavelength [11]. Collective distor-
tions stem from these FCW packets, appearing as massive
excitations that explicitly break lattice symmetry (density
waves as pseudo-Goldstone lattice modes) [24,44]. They
span a collective wavelength 
 = Nλ1/2, and comprise a
total mass MG = N2m1/2, involving inertial resonance under
surface density ρs ≡ MG/
2 ≡ m1/2/λ

2
1/2. Given the propa-

gating nature �2
0 = (G/hρs)Q2, since m1/2 = 4mG/σ , then

�0 = πω0/N2, and we deduce a conserved susceptibility
χ = π/N2. For the observed N ≈ 18 (Fig. 3), one estimates
χ ≈ 0.01 in agreement with experiments [Fig. 4(e)]. As in
classical crystals, this collective phonon arises from defect
size and lattice broken symmetry (Supplemental Movie M5

[32]), not from particular stiffness nor from the crystal size
requested [30].

XII. CONCLUSIONS

As a fundamental principle, the ground crystal state arises
from the capillary-Faraday wave (FCW) interaction intrinsi-
cally self-focused by surface stiffening. Together with bulk
inertia, this interaction creates the discrete resonances nec-
essary to crystallize the FWs into coherent packets, or pilot
waves, localized in a regular lattice of particulate fluid matter.
Our study shows crystal defects appearing as slow lattice
modulations that result from bifurcated FW resonances (Tay-
lor dislocations). Since energy is finite under these single
excitations, lattice symmetry is explicitly broken by the col-
lective distortions caused by the local reorientation of parity
symmetry, favoring one dislocated direction in the crystal.
Further cooperation among multiple halved modes is inter-
coupled by the Faraday interactions (collective modes). These
massive, cooperative excitations become collective modes
(phononlike) among the discrete, coherent, and momentum-
containing FCW packets, effectively carrying the material
“atoms” that form the hydrodynamic crystal, either in a frozen
configuration, or further distorted by deformation or “heating”
(i.e., forcing).

To summarize, we have demonstrated macroscopic two-
dimensional (2D) realizations of ordered and distorted
hydrodynamic crystal lattices engendered by the Faraday
bifurcation, appeared as a frequency-halving resonant inter-
action. Above the freezing point of the ordered crystal, lattice
order is progressively lost under excitation through disorga-
nizing dislocations that propagate under explicit symmetry
breaking, akin to lattice vibrations (phonons) in classical crys-
tals. These collective distortions, originating from the parent
FW lattice, dominate the dynamic pathway towards crystal
melting with a consistent Faraday hierarchy modulated by ex-
plicit broken symmetries. As the distorted crystal transitions
to a chaotic molten fluid appear, these secondary instabilities
progressively halve, creating a continuum of disordered states
reminiscent of Landau’s picture of nascent turbulence. This
study introduces a matter-wave paradigm for collective 2D-
lattice excitations as the natural route for hydrodynamic crys-
tal melting, establishing a macroscopic laboratory for testing
inflationary dynamics under systemic FW halving bifurcation.
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