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Abstract: This paper presents a new procedure for the real-time processing and analysis of
data from thermoacoustic systems. The approach focuses on continuously acquiring and
adjusting measurements of acoustic wave pressure, enabling the instantaneous estimation
of acoustic power. This is crucial for real-time control and decision-making, especially in
applications that require rapid power estimation, such as the control loop implementation in
thermoacoustic engines, where conditions are constantly changing and dynamic adaptation
is essential. Two methods for estimating the power delivered to the load are proposed:
(method 1) instantaneous power evaluation, which calculates the power consumed by
the resistance in the resistance—capacitance (RC) load, and (method 2) one-period average
power calculation using the well-established two-microphones method. These methods
are validated with both different synthetic signals and experimental measurements. The
results reveal that the new method provides real-time accurate estimations of the power
delivered to the acoustic load and, thus, has shown potential for control-based applications.

Keywords: data processing; acoustic power; instantaneous versus average estimation;
thermoacoustic engines

1. Introduction

The thermoacoustic Stirling-like cycle engine (TA-SLiCE) represents an innovative
class of external combustion engines designed to convert thermal energy into mechanical
work and ultimately into direct current (DC) electrical energy [1]. These systems feature
a thermoacoustic core with a regenerator between two heat exchangers, integrated into
a looped acoustic network modelled as a lumped-element circuit due to its short-length
component dimensions [2]. Over the years, the scientific community has extensively
investigated the underlying thermoacoustic phenomena governing the operation of ther-
moacoustic engines, primarily aiming to improve the efficiency and performance of these
systems [3]. Rott [4] established the fundamental theoretical framework for studying
low-amplitude thermoacoustic phenomena under laminar flow conditions, providing the
governing equations that describe the propagation of acoustic waves coupled with thermal
effects in confined fluids. Later, Ceperley introduced the analogy between a traveling-wave
thermoacoustic engine and a lumped-element electrical circuit [5], recognizing that the
working fluid undergoes a thermodynamic cycle analogous to that of a Stirling engine [6].
This perspective facilitated the development of more efficient configurations and simplified
the mathematical representation of these systems. More recently, Swift [7] refined and
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extended this approach through lumped-parameter models, providing more accessible and
practical tools for the design and optimization of real thermoacoustic engines [8].

Thermoacoustic measurements often provide high signal-to-noise ratios, making the
need for statistical analysis unnecessary [1]. While significant progress has been made in
understanding the theoretical foundations and in optimizing the design of thermoacoustic
engines [9,10], a variety of passive and active control strategies have been explored to
improve the acoustic wave quality of these systems [11]. In this context, acoustic power
is relatively easy to measure when volumetric velocity can be reliably inferred, with sim-
pler techniques based on pressure measurements [12] or the motion of a solid object [13]
being widely adopted in practice. More high-cost and sophisticated methods for direct
velocity measurement, such as hot-wire anemometry particle, image velocimetry, or laser
Doppler anemometry techniques, fall beyond the scope of this study and are covered
in detail elsewhere [14]. The two-microphone measurement technique [15,16] is widely
used to determine acoustic power from pressure amplitude and phase measurements at
two locations in a resonator. This well-established method has been widely validated,
particularly under laminar flow conditions, where it aligns with the analytical model de-
veloped by Fusco et al. [17], the so-called resistance—capacitance (RC) load method. These
methodologies, supported by extensive and rigorous work [2], ensure reliable and robust
power estimation across varying operational parameters (e.g., loads [18], temperatures,
and pressures [19]), reinforcing the applicability of the proposed measurement frame-
work to real-world thermoacoustic systems [20]. In all those studies, the measurement of
acoustic power in thermoacoustic engines has been constrained by methods that rely on
time-averaged estimations [21,22]. Although effective in many contexts, these methods
do not account for potential fluctuations in acoustic amplitude within the mechanical
resonator, which can reduce their effectiveness in applications such as control systems [23].
The ability to dynamically estimate acoustic power [24] and make immediate adjustments
has been a long-standing challenge in thermoacoustic systems, where traditional optimiza-
tion methods have typically relied on structural modifications [25] or temperature-based
estimates [26]. Integrating real-time acoustic power measurements enables the system
to respond to changes in performance as they occur, thereby ensuring more precise and
adaptive control. Additionally, experimental constraints imposed by working within the
low-amplitude regime required by linear theory, such as the subtle pressure oscillations,
demand high-precision sensors or signal amplification lock-in systems [27], which signifi-
cantly impact the cost and complexity of the data acquisition setup. In this context, recent
studies have demonstrated that low-cost systems, such as those based on the Arduino
platform, can achieve promising results in dynamic applications, ensuring reliability at
reasonably high sampling rates when a reduced number of sensors are used [28]. The
development of a robust yet affordable acquisition system requires optimizing sampling
frequency, data transmission, and error mitigation, as demonstrated by Moreno [29], who
enhanced acquisition rates and minimized errors in Arduino-based platforms. Building
on these findings, this study utilizes the previously validated low-cost Arduino-based
acquisition system designed for thermoacoustic Stirling engines [30]. This system has been
optimized to reduce noise-related errors and enhance dynamic response, ensuring both
accurate real-time thermoacoustic power estimation and reliable measurements.

This study presents a novel approach for the real-time estimation of instantaneous
acoustic power in thermoacoustic engines, addressing the limitations of conventional
time-averaged power estimation methods. The measurements are performed within a
laminar regime, using the RC load-based method [30], where a resonator and a variable
acoustic load are utilized to replicate the lossless acoustic behaviour of a piston in a linear
alternator while accounting for parasitic losses due to piston motion. Unlike traditional
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methods that rely on time-averaged estimations, our procedure offers a way to measure
instantaneous power by continuously acquiring and adjusting data on acoustic waves and
system parameters. This allows real-time monitoring of the power dissipated in the RC load
within the TA-SLiCE power extraction branch (see Figure 1), providing a more accurate and
responsive approach for evaluating thermoacoustic power. Furthermore, the methodology
is versatile and can be applied to various data acquisition systems, independent of their
cost or complexity.

Heat Source
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Figure 1. Illustration of the acoustic power visualization through a low-cost display.

The approach presented in this paper offers several advantages over traditional meth-
ods. A comparison between the real-time estimation technique and the widely used RC
load-based method, which relies on averaged measurements, demonstrates that the pro-
posed method provides accurate and timely results, even with a low-cost acquisition system.
The effects of sampling rates and acquisition frequencies on measurement accuracy are also
examined, showing that a higher resolution leads to reduced errors and greater precision
in real-time applications. The obtained results emphasize the potential of real-time power
measurement as a crucial tool for enhancing thermoacoustic engine performance, enabling
new opportunities for control and optimization, such as the control algorithm developed
by Callanan et al. [31], which improves efficiency and power density in thermoacoustic
energy harvesters, making them more effective for practical applications in refrigeration
and energy conversion.

The paper is organized as follows: In Section 2, the theoretical background and method-
ology for real-time power estimation in thermoacoustic engines is outlined. Section 3
describes the experimental setup, measurements, and results. Section 4 includes the experi-
mental validation of the estimation procedure, comparison with traditional approaches,
and discussion. Section 5 provides the main conclusions of this work.

2. Materials and Methods

In this section, the analogy between different acoustic and electrical magnitudes will
be presented, which will allow the development of an equivalent electrical model. From
this model, it will be possible to calculate the electrical power consumed and, by analogy
of the models, to estimate the acoustic power provided by the engine. On the other hand,
different acoustic power measurement methods will be explored, both for the calculation
of the average value and for its measurement in real time, and various comparisons will be
made between these methods, including the RC load method, which is firmly established.
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2.1. RC Equivalent Model in Electrical Analogy

The acoustic wave interactions in thermoacoustic devices are difficult to analyse, either
because of their physical complexity or because of their dependence on the medium in
which the wave propagates, in many cases requiring the use of very advanced tools. It
is possible to establish an electric-acoustic correspondence thanks to the similarity of the
fundamental equations that govern both disciplines [1,32]. The analogies relevant to this
article are shown in Table 1. This similarity enables the representation of complex acoustic
systems as simplified electrical circuits, facilitating the use of electrical analysis tools and
simulators for efficient system evaluation and optimization.

Table 1. Electro-Acoustic analogous variables.

Physical Variable Electrical Analogy
Acoustic pressure (P) Electrical voltage (V)
Volume flow rate (U) Current (I)

Resistance (R) Resistance (R)
Compliance (C) Capacitance (C)
Acoustic power (E loud) Electric power (Pejec)

The acoustic RC load in the power extraction branch of a TA-SLiCE, depicted in
Figure 2, consists of a small tank of volume V¢ (compliance) connected through a needle
valve to the mechanical branch resonator.

Ve

Figure 2. Diagram of a thermoacoustic resistance—capacitance (RC) load. Pc, Pg, and Py are the
pressures at the compliance, the resonator, and the valve, respectively. U is the volume flow rate
through the valve.

The expression describing the process is given by Equation (1):
Pr(t) = Py(t) + Pc(t), (1)

According to the electro-acoustic analogies shown in the table above and the physical
problem under consideration, the pressure in the resonator, Pg(t), is analogous to the total
voltage or source voltage, V,(t). Similarly, the pressure in the capacitor Pc(t) corresponds
to the capacitor voltage V() and the pressure in the valve, Py (t), is analogous to the
resistor voltage V(). On the other hand, the analogue to the volume flow rate, U(t), is
the circuit current, I(f). This results in Equation (2) and the corresponding electrical model
shown in Figure 3.

Vg(t) = Vr(t) + Ve (b), 2
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Figure 3. Electric RC load, where V¢, Vg, and VR are the voltages at the capacitor, the source, and the
resistor and I is the current though the circuit.

On the other hand, the characteristic equation of a capacitor is

ic) = el ®)

where C is the capacitance of the capacitor and ic(t) is the current flowing through it. As
the elements are in series, the current flowing through the whole circuit would be the same:

dVve(t)
dt '

I(t) =ic(t)=C (4)

If the circuit analysis is performed in steady state, phasor notation can be used,

leading to
— —

—
Ve =Vr+ Ve, )

- = —
where Vg, Vg, and V¢ are the voltage phasors of the source, the resistor, and the
capacitor, respectively.

— ) —
I =jwCV, 6)

5
The I denotes the current phasor. The capacitor voltage, as a function of the current
flowing through it, is expressed in Equation (7):

__ 17, @)

The phasor of a number in polar form is expressed by its magnitude and phase, such

— — —
that I = IZ¢1, VR = VrRZeyr, and Vo = Vo ZLpyc are the phasors, expressed in polar
form, of the current, the voltage across the resistor, and the voltage across the capacitor,
respectively. As the circuit is in series, considering the current as the phase reference,
—

I = 1/0° the voltage at the terminals of the resistor will be in phase with the current
=
passing through it, Vg = VrZ0 and the voltage at the capacitor will be delayed by 90°

—
with respect to the same current, Ve = V£ — 90° as illustrated in the phasor diagram in
Figure 4.

Figure 4. Phasor diagram of an RC load.
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2.2. Average Power Estimation

The RC load method has been widely adopted as a reliable approach for measuring
acoustic power in thermoacoustic systems [17]. This method utilizes the phasor representa-
tion of the volumetric flow rate across the resistance, derived from the pressure oscillations
within the compliance, C, assuming the short duct length approximation:

u= j(UCPC = ]w’)’%m Pc, (8)
where U represents the volumetric flow rate, Pc the pressure measured at the compliance
and V, Py, and <y correspond to the compliance volume, mean pressure, and specific heat
ratio, respectively [1].

Using this relationship, the dissipated acoustic power at the resistance is determined
by analysing the two key pressure signals, Pc and Pg, in terms of their amplitude, phase,
and angular frequency:

. 1 wV ~ 1wV .
Ejogd = E'miIm (PEPC) = E,YTm‘PEHPC‘SmGEC/ )

where 8¢ is the phase angle between the Pc and Pr pressure signals. The short duct length
approximation allows this method to be consistently expressed in terms of the compliance
of geometric and thermodynamic parameters [33].

The RC load method determines the dissipated acoustic power as the time-averaged
product of the volumetric flow rate through the valve and the pressures Pc and Pg across
it [30].

2.3. Instantaneous Power Estimation

By measuring the pressure difference in the resonator and in the small tank, it will be
possible to determine the acoustic power lost, Ej,,4, by simply multiplying this difference
by the flow rate through the valve.

Ejoaa = Py-U = (Pg — Pc)-U, (10)

where Py is the pressure in the valve.
Using the electro-acoustic analogy to the electrical power equation would leave

Etoad = Potec = V-1 = (Vg — V)1, (11)

To calculate the power at each time instant, the following expression for the instanta-
neous power Py, (t) is employed:

Pace(t) = VR(D-1(8) = (Va(®) — Ve(0)-1(8) = (Vy(t) — ve()) T az)

where Vr(t), Vg(t), and V(t) are the instantaneous voltages across the resistor, the source,
and the capacitor, respectively, and I(t) is the instantaneous current flowing through the
circuit. Under the assumption of a short duct length, the expression for the electrical power

is derived as v Ve ()
C
Petee(t) = = (Va(5) = Ve (8) — 5= (13)

Applying the electro-acoustic analogy to the acoustic power equation would leave

Evaalt) =~ (Pe(t) = Pe(t))- 15 19
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The instantaneous power in any element of an alternating current circuit is expressed
as p(t) = v(t)-i(t), where v(t) and i(t) represent the voltage and current at each moment,
respectively. If the source supplying the circuit produces a sinusoidal alternating current,
both the voltage and current of each element will be represented by sinusoidal waves.
These waves will exhibit a relative phase shift, determined by the specific characteristics of
the element where the instantaneous power is being evaluated.

The expression for instantaneous power, P, (t), as a function of the voltage and
current of an element of an electrical circuit is defined as

Poc(t) =v(t)-i(t) = 2-V-I- cos(w-t) cos(w-t — @), (15)

where V and I represent the root mean square (RMS) voltage and current of that element.
w represents the angular frequency and ¢ is the phase angle between the voltage and the
current of the element.

By applying the trigonometric identities for sine and cosine of a double angle, this
expression can be reformulated, as follows:

Poc(t) = P-(1+ cos(2-w-t)) + Q-sen(2-w-t), (16)

where P and Q are the active and reactive power, respectively, consumed by the
passive element.

The average value of this instantaneous power is the active power, P, the power that
provides the energy that is converted into effective or useful work, either in the form of
heat, light, or motion.

Petec(t) = P, (17)

In this case, the instantaneous power to be measured and calculated is that of the
resistive element of the circuit, where the voltage at the terminals of the resistor and the
current flowing through it are in phase. Figure 5 shows a singular case of the voltage and
current in a resistive element, as well as the instantaneous power.

vp(t) = V2 -V - cos(wt)
ip(t) =V2-1-cos(wt)

pr(t) =P + P - cos(2wt)

Figure 5. Voltage, current, and instantaneous power in a resistive element.

3. Results

The acoustic power measurement system described in this paper has two main com-
ponents: (i) the real-time data-acquisition system that measures the pressure both in the
compliance (Pc) and the resonator (Pg) and (ii) the data-processing system, which scales
and filters the measurements (Section 3.1) and then calculates the power delivered to the
load (Sections 3.2 and 3.3).
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The former, which builds upon a thoroughly validated setup, described in previous
research [30], is based on an Arduino platform designed to accurately calculate the acoustic
power of the TA-SLiCE. In that earlier work, the performance of this setup was shown to
be both reliable and accurate, confirming its suitability for measuring acoustic power in
thermoacoustic engines. Integrated with piezoelectric low-cost pressure sensors, the system
enables the real-time measurement and transmission of sensor data, ensuring continuous
monitoring of pressure variations in two key components of the system: the compliance,
which functions as a dynamic capacitor, and the resonator, responsible for the acoustic
oscillations.

The latter is described in this section of the paper. Two different approaches for
estimating the power delivered to the load are proposed:

e Instantaneous power evaluation (method 1), which consists of using the instantaneous
power consumed in the resistance of the equivalent RC model of the load;

e  One-period average power calculation (method 2), in which the procedure established
by Fusco et al. [17] is adapted to be used each single period for each single period of
the signal.

3.1. Measurements Conditioning

The data-acquisition system described in [30] provides pressure measurements that are
already expressed in mbar. However, the following steps are needed prior to the calculation
of the power delivered to the load.

First, the acoustic pressure wave and the average pressure value need to be split up.
Alternatively, expressing this idea with electrical terms, the alternating current (AC) wave
and the DC operation point need to be separated. To do so, the DC component of cycle c is
calculated based on the maximum and minimum values of the signal in cycle ¢ — 1:

_ Xmax(c — 1) + Xypin(c = 1)

: , (18)

Xpc(c)
where Xpc(c) refers to the DC component of signal X in cycle ¢, whereas Xyax(c — 1)
and X, (c — 1) are the maximum and minimum values of the signal X in cycle ¢ — 1,
respectively (see Figure 6).

Cycle c-1 Cyclec

Xmax(C=1)

Xmin(C=1)

Figure 6. Estimation of the average value of the signal based on the previous cycle.
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This procedure is simple and provide a good estimation of the DC component of the
signal, but it cannot be used to calculate the DC component of the first cycle. Therefore, the
following expression is used to calculate the DC component for each time step k:

i1 X()
Xpe(k) = =——= P (19)
where Xpc(k) and X(k) refer to the DC component and the value of signal X in time
step k, respectively.

Figure 7 shows the response of the DC component estimation algorithms in the initial

cycle (see Equation (19)) and the rest of the cycles (see Equation (18)).

O Xpek)
O Xk)
First cycle Rest of the cycles

SN &
7 S

N

| | 1 | 1 1

Figure 7. Estimation of the average value of the signal based on the first cycle.

Once the AC and DC components have been split up, the AC signal is filtered to
reduce the noise using a moving average:

Yy X(k—j)
Xrinr(k) = ]OT/ (20)

where X;;; (k) is the filtered value of the signal and W is the size of the moving window.

As shown in Figure 8, this filtering technique causes some delay in the filtered signal
compared to the original one and, therefore, the size of the moving windows needs to be
selected as a trade-off between the noise reduction and the admissible delay.

@ Original signal
@ Filtered signal

EMovingwindow

Figure 8. Moving-average-based filtering of the drawing, with W = 3.
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3.2. Instantaneous Power Calculation by Method 1

In this section, the instantaneous power calculation by method 1 is presented, relying
on Equation (8) to evaluate the power consumed by the resistance of the RC load at each
time lapse.

The derivative of P (t) for a given time step k can be approximated as follows:

dPc(k) _ Pefir(k) — P pir(k — 1)
dt Ts ’

(21)

where Ts is the sampling period and P ﬁ,t(k) is the filtered value of the pressure at the
compliance at time step k.
Therefore, the power delivered to the load at a time step k can be expressed as

1%

/ Pe fir(k) — Pc gigs(k — 1)
Etoad (k) = ,mi'(PE,filt(k) _PC,filt(k))~ C.filt Cfilt

. . @

where Pg ¢4 (k) is the filtered value of the pressure in the resonator at time step k.
To determine the average value of the power delivered to the load, the following
expression can be used:

N. .
— L2 Paclj)
Eload,methodl = ]Tr (23)

where N is the number of samples considered for averaging.
According to Equation (17), the average value of P (t) can alternatively also be
calculated as

- Eload max
Etoad methoa1 = ———— (24)

where Eload,max is the maximum value of Eload(k)~

3.3. One-Period Average Power Calculation by Method 2

The one-period average power calculation (method 2) uses Equation (22) to calculate
the average power delivered to the load but, instead of determining Pr, Pc, and 0rc over a
large number of periods by means of the Fast Fourier Transform (FFT) and least-squares
fitting, they are obtained by identification over a single period (see Figure 9).

i Cyclec
Xoarl€) .~
L N
X %
O o)
9 o
L OO o
(0) © o(
. X(Kso,pos x) O&((kco,.,eg,ﬁ) d’ T
Froha o - : c
XKeo,pos,x~ 1) 10 X(Keo neg ) 1 aime:
O e O
| ®] @) @
OO o © :
o 9 o
s % o2 v
o OOC.QQ 777777777777777777777
Xmin(c)
itco’pos,x(c) ; tm.ncg.x (C) i tcc,pos.x(C+1)
s N
Period Ty(c)

Figure 9. Identification of relevant quantities of the signal for method.
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Given a signal X(k), the maximum and minimum values measured in a cycle c (referred
to as Xyax(c) and Xyin(c), respectively) are used to calculate the amplitude X,;,,;(c) of

the signal:

Kanpi(0) = o)~ Knin€) 25)

For a cycle ¢, the crossover time with a positive slope fco,pos,X(C) is obtained by
(i) detecting the time step k¢o pos,x at which the signal X becomes positive after being
negative and (ii) conducting a linear interpolation to determine f,, 05, x () at which X(t)
equals 0. If needed, the crossover time with a negative slope ¢, neq(c) can also be deter-
mined by detecting the time step k¢ neq.x at which the signal X becomes negative after
being positive.

The period Tx(c) of a signal X can then be calculated as

TX(C) - tco,pos,X(C) - tco,pos,X(C - 1)/ (26)

The acquisition system just described allows to measure this expression and can
also be reformulated in terms of the active and reactive power consumed by the element,

follows:
as follows 1wV

= E’)’TmPE(C).PC(C).SinGEC(C)’ (27)

Eloud(c)

where Pr(c) is the amplitude of P fij;(k) in cycle ¢, Pc(c) is the amplitude of Pc sy (k) in
cycle ¢, and 0gc(c) is the phase difference between Pr ¢;;; and Pc ijy-
The phase difference 6gc(c), expressed in radians, can be calculated as

2
Orc(c) = KTC) (tco,pos,Pc(C) - tco,pos,Pe(C))/ (28)

where Tpg/(c) is the period of P s (k) in cycle ¢, teo,pos,pc(c) is the crossover time with a
positive slope of P¢, Fily In cycle ¢, and tco,pos,pe(C) is the crossover time with a positive slope
of P fijy in cycle c.

4. Discussion

To evaluate the accuracy of the proposed methods, the following studies are
carried out:

e  First, simulated values of Pr(k) and Pc (k) with no noise and a good sampling fre-
quency are considered. The average power delivered to the load is calculated using
the proposed methods and compared to the results obtained with the reference proce-
dure [17].

e  Then, the sensitivity to the noise is analysed, for which a random noise is added to the
simulated of Pg (k) and Pc(k);

e Afterwards, the sensitivity to the measurement frequency is analysed, for which the
sampling frequency of Pg (k) and Pc(k) is reduced;

e  Finally, real measurements of Pr(k) and Pc (k) are used to conduct the analysis.

4.1. Results Using Ideal Signals

For this analysis, the following functions Pg(t) and Pc(t) were considered over the
interval from 0 to 10 s, with a sampling time of 1 ms:

Pg(t) = 78309 + 4421.3- cos(145.76-t), (29)

and
Pc(t) = 78359 + 2218.7- cos(145.76-t — 1.0451), (30)
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Figure 10 shows the convergence of the DC component estimation for both Pg(t) and
Pc(t). The DC component estimation algorithm shows good convergence, stabilizing after
approximately three cycles.

4 DC component estimation of P, and P_ waves
x10 c E

T T T T T T T

Average value of the pressure (mPa)

0 | I 1 I | I |
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

Time (s)

Figure 10. Estimation of the direct current (DC) component of the signal of Pg(k) and Pc(k)
(ideal signals).

Figure 11 compares the AC component of Pg(t) and Pc(t), both filtered and non-
filtered. The moving window size for the filtering is W = 3 in all the study cases.

AC components of pressure waves

T T T T T
S i
GO
i _\_

4000

3000

2000

1000 |7

Pressure (mPa)
[==]

-1000

-2000

=3000

-4000

5 5.01 5.02 5.03 5.04 505 5.06 5.07 5.08 5.09 5.1
Time (s)

Figure 11. Alternating current (AC) component of Pr(k) and Pc(k) analyzed for ideal signals,
considering both non-filtered and filtered cases.

Figure 12 shows the instantaneous power obtained using method 1.
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Instant power delivered to the load
T T

T T |

TR
AR

5 5.01 5.02 5.03 5.04 5.05 5.06 5.07 5.08 5.09 5.1
Time (s)

Instant power (mW)

Figure 12. Instantaneous power obtained using Equation (22) for ideal signals.

Table 2 shows the average power obtained with the proposed methods and compares
them to the average power obtained with the reference procedure [17]. The error is defined

as follows:

Eloud,ref - Eload,method

Error(%) = 100, (31)

Eloud,re f

where E load,ref 1 the average power obtained with the reference procedure and E load, method
refers to the average power obtained with the proposed methods (1 or 2).

Table 2. Comparison of the results obtained using different methods (ideal signals).

Method Average Power (mW) Error (%)
Reference method 118.05 -
Instantaneous power
(method 1) 115.97 1.75
One-period average
(method 2) 116.69 1.15

The first three cycles (needed to stabilize the DC components) have not been considered
in calculating the averages.

These results show that good correspondence is obtained when using the three meth-
ods with an ideal synthesis signal sampled at approximately 40 measurements per period:
the difference is lower than 1.8%.

4.2. Sensitivity to Noise
For this analysis, the following functions Pr(t) and Pc(t) have been considered in the
interval between 0 a 10 s (sampling time is 1 ms):

Pr(t) = 78309 + 4421.3-(cos(145.76-t) + NoiseLevel-Noise()), (32)

and
Pc(t) = 78359 + 2218.7-(cos(145.76-t — 1.0451) + NoiseLevel-Noise()), (33)

where NoiseLevel is the amplitude of the noise expressed in per unit and Noise() is a noise
function which will vary depending on the type of noise to be analysed.
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4.2.1. Uniformly-Distributed Random Noise

In this case, Noise() is a function which follows a uniform distribution from —1 to 1.
Figure 13 represents the functions Pr(t) and P¢(t) obtained using Equations (32) and (33)
with different noise levels.

Sensitivy analysis to random noise (uniformly-distributed noise)
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Figure 13. AC component of Pr(k) and P¢(k), filtered and non-filtered, with different noise levels

(uniformly distributed noise).

Table 3 shows how adding a uniformly-distributed noise to Pg(t) and Pc(t) impacts
into the calculated power depending on the method.

Table 3. Comparison of the results obtained with different levels of noise (uniformly
distributed noise).

Average Power (mW) for Different Levels of Noise
Method (Uniformly Distributed Noise)

0% 5% 10% 15% 20% 25%
Reference method 118.05 117969  118.377 117987 118310 117.931

Instantaneous 115983 115.814 115788 115216 114.332  113.789
power (method 1)
One-period average

(method 2)

116.691 117355  119.879 122161  126.007  128.734

The results of this analysis show some degradation of the accuracy of the result when
noise increases. When the noise level is 25%, the average power obtained is 113.789 mW
(which corresponds to an error of 3.5%) and 128.734 mW (which corresponds to an error of
—9.2%) using methods 1 and 2, respectively. In general, method 1 tends to underestimate
the average power, whereas method 2 tends to overestimate it.

Although method 2 has shown better accuracy with lower noise levels, method 1 has
shown better robustness when noise increases. This is mainly because method 2 relies on
the peak values of the filtered signals, which are more sensitive to the noise, to determine
the averaged power.
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4.2.2. Gaussian Random Noise

In this case, Noise() is a function which follows a Gaussian distribution with a mean of
0 and standard deviation of 1. Since the Gaussian noise is not mathematically bounded, the
amplitude of the noise has been assumed to be equal to two times the standard deviation
(which is a bound for 95.4% of the possible values). Figure 14 represents the functions P (t)
and Pc(t) obtained using Equations (32) and (33) with different noise levels.

Sensitivy analysis to random noise (Gaussian noise)
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Figure 14. AC component of Pr(k) and P¢(k), filtered and non-filtered, with different noise levels

(gaussian noise).

Table 4 shows how adding a gaussian noise to Pg(t) and Pc(t) impacts into the
calculated power depending on the method.

Table 4. Comparison of the results obtained with different levels of noise (Gaussian noise).

Average Power (mW) for Different Levels of Noise

Method (Gaussian Noise)
0% 5% 10% 15% 20% 25%
Reference method ~ 118.05  117.924 118.086 117.418 118265 117.952
ps&sgf?;?;i%‘fl) 115983 115817 115665 115.065 115.022  114.140
One-periodaverage 110 091 117288 119136 121281 124101  126.584

(method 2)

The results of this analysis show a degradation of the accuracy of the result when
noise increases. When the noise level is 15%, the average power obtained is 114.140 mW
(which corresponds to an error of 3.2%) and 126.584 mW (which corresponds to an error of
—7.3%) using methods 1 and 2, respectively. In general, method 1 tends to underestimate
the average power, whereas method 2 tends to overestimate it. As observed with uniformly
distributed noise, method 1 has shown better robustness when noise increases.
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4.2.3. Harmonic Noise

In this case, Noise() is a cosine function with a given frequency (for this analysis,
a noise frequency of 400 Hz has been considered, a frequency one decade larger than
the measured signals). Figure 15 represents the functions Pr(t) and Pc(t) obtained using
Equations (32) and (33) with different noise levels.

Sensitivy analysis to harmonic noise (400 Hz)
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Figure 15. AC component of Pr(k) and P¢(k), filtered and non-filtered, with different noise levels
(harmonic noise, 400 Hz).

Table 5 shows how adding a gaussian noise to Pg(t) and Pc(t) impacts into the
calculated power depending on the method.

Table 5. Comparison of the results obtained with different levels of noise (harmonic noise, 400 Hz).

Average Power (mW) for Different Levels of Noise

Method (Harmonic Noise, 400 Hz)
0% 5% 10% 15% 20% 25%
Reference method ~ 118.05  118.052 118.053 118.054 118.055 118.056
p;gfj?ﬁ;i%ﬁsl) 115983 116015 116281 116727 117.351 118.155
One-period average 116 601 117751 119426 121266 123170  125.137

(method 2)

The results of this analysis show a degradation of the accuracy of the result when
noise increases. When the noise level is 15%, the average power obtained is 118.155 mW
(which corresponds to an error of —0.08%) and 125.137 mW (which corresponds to an error
of —6%) using methods 1 and 2, respectively. As observed with uniformly distributed
noise, method 1 has shown better robustness when noise increases.
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4.3. Sensitivity to the Sampling Frequency
For this analysis, the functions Pg(t) and Pc(t) have been used as in
Equations (29) and (30), but the sampling time is swept between 0.1 ms and 5 ms. As
a reference, both Pr(t) and P¢(t) have a period equal to 43.1 ms.
Figure 16 represents the functions Pg(t) and Pc(t)
Equations (32) and (33) with different sampling periods from 0.5 ms to 5 ms. In the
latter, the piecewise aspect can easily be observed.

obtained using

Sensitivy analysis to sampling frequency
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Figure 16. AC component of Pg(k) and Pc(k), filtered and non-filtered, with different
sampling periods.
Table 6 shows how the sampling time impacts in the average power calculated using
the proposed methods.
Table 6. Comparison of the results obtained with different sampling times.
Average Power (mW) for Different Sampling Periods Ts
Method
0.1 ms 0.5 ms 1 ms 2 ms 3 ms 4 ms 5 ms
Reference method 118.050 118.050 118.050 118.050 118.050 118.050 118.050
Instantaneous power
P 118.025 117.530 115.983 109.957 100.417 88.3360 74.2730
(method 1)
One-period average
(Ir’netho 42) & 118.551 118.097 116.691 111.200 102.506 91.3430 77.9310

These results show that the estimation error observed when using ideal synthesis
signals of Pg(t) and Pc(t) (see Table 2) is partially due to the sampling frequency. In fact, a
noticeable degradation of the results (more than 10%) has been remarked when the number
of measurements falls under 15 samples per cycle of the signal (i.e., with sampling time is

longer than 3 ms).
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4.4. Analysis Using Experimental Measurements

In this analysis, real measurements of Pg(t) and Pc(t) were taken with the experimen-
tal setup described in [30]. As shown in Figure 17, both signals show small fluctuations,
especially in their amplitude, but also in their phase and frequency. Some noise has also
been observed.

AC components of pressure waves
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Figure 17. Experimental values of Pg (k) and Pc (k) for measured signals, showing amplitude varia-
tions (red line).

Figure 18 shows the convergence of the DC component estimation for both Pg(t) and
Pc(t). The DC component estimation algorithm shows good convergence, stabilizing after
approximately three cycles, showing some small fluctuations afterwards.

10 Evolution of the estimated average value of Pe and Pc
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Figure 18. Estimation of the DC component of the signal of Pg (k) and Pc (k) for measured signals.
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Figure 19 compares the AC component of Pg(t) and Pc(t), both filtered and non-
filtered. The moving window size for the filtering is W = 3 in all the study cases.

AC components of pressure waves
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Figure 19. AC component of P (k) and Pc (k): non-filtered and filtered for measured signals.

Figure 20 shows the instantaneous power obtained using method 1:

Instant power delivered to the load
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Figure 20. Instantaneous power obtained using Equation (22) using measured signals.

Figure 21 shows how the estimation algorithms respond to the fluctuations observed
in Pp(t) and Pc(t) :
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Figure 21. Evolution of the estimated average power using measured signals.

Table 7 shows the average power obtained with the proposed methods and compares
them to the average power obtained with the reference procedure [17].

Table 7. Comparison of the results obtained using different methods (measured signals).

Method Average Power (mW) Error (%)
Reference method 116.962 --
Instantaneous power
(method 1) 115.735 1.295
One-period average
(method 2) 121.236 —3.654

These results show also that a good correspondence is obtained when using the three
methods when using real measurements (sampled at approximately 30 measurements per
period): the difference is lower than 1.3% (method 1) and 3.7% (method 2).

5. Conclusions

This paper has introduced a novel methodology for the real-time estimation of acous-
tic power in thermoacoustic systems, overcoming the limitations of traditional methods
based on temporal averaging. The approach focuses on continuously acquiring and ad-
justing measurements of acoustic wave pressure, enabling the instantaneous estimation of
acoustic power.

Two methods for estimating the power delivered to the load have been evaluated:
(method 1) instantaneous power evaluation, which calculates the power consumed by the
resistance in the RC load, and (method 2) one-period average power calculation using the
well-established two-microphones method.

These methods have been validated with both different synthetic signals and experi-
mental measurements. The results reveal that the new method provides real-time accurate
estimations of the power delivered to the acoustic load and, thus, has shown potential for
control-based applications.

The average power calculated by the proposed methods, compared with that obtained
by the reference procedure [17], shows excellent concordance both with synthetic signals
(see Table 2) and experimental measurements (Table 7).
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The sensitivity analysis performed against uniformly distributed noise (see Table 3),
Gaussian noise (see Table 4) and harmonic noise (see Table 5) shows that the power
estimation accuracy degrades as the noise level increases. Although method 2 shows better
accuracy at low noise levels, method 1 shows better robustness when the noise increases.

Another factor that has been studied is the influence of the sampling time on the
average power calculated (see Table 6). The results degrade significantly when insufficient
sampling (less than eight samples per cycle of the observed signals) is used. Although
method 2 presents better accuracy with fine sampling, method 1 shows better robustness
against coarser sampling.

This methodology allows for adaptive adjustments during operation in terms of
system design and control, enhancing the overall system efficiency. Furthermore, real-
time power measurement facilitates the implementation of more precise control systems,
improving system performance across a range of applications.

The practical implications of this work are significant, as the methodology can be
adapted for low-cost data acquisition systems, making it accessible for both commercial
and research applications. The approach outlined here also offers a foundation for the
development of advanced controllers in thermoacoustic engines and other similar systems,
potentially paving the way for their use in sustainable energy applications.

Author Contributions: Conceptualization, J.G. and C.I.; methodology, ].G., EP.d.1.F. and M.ASR;;
software, J.G. and E.P.d.LE; validation, M.A.SR., EP.d.LF. and A.-L.V; formal analysis, M.A.S.R. and
E.P.d.LF; investigation, ].G., EPd.1F, M.A.S.R., A-L.V. and C.L; resources, ].G. and C.I.; data curation,
E.Pd.lE and M.A.S.R.; writing—original draft preparation, EP.d.1.F, M.ASR., A.-LV. and C.I;
writing—review and editing, E.P.d.LF, M.A.SR., A.-1.V. and C.L; visualization, EP.d.LF, M.ASR,,
A.-LV. and C.I; supervision, J.G., EPd.LF, M.AS.R., A.-LV. and C.I.; project administration, C.I;
funding acquisition, C.I. All authors have read and agreed to the published version of the manuscript.

Funding: This research is part of the project PID2022-1387000B-100 funded by MICIU/AEI/10.13039/
501100011033 and FEDER, UE.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The original data presented in the study are openly available in
Mendeley Data at doi: 10.17632/h9zhph34k5.2.

Acknowledgments: The authors gratefully acknowledge the valuable technical support provided by
Juan Manuel Diaz Montalvo.

Conflicts of Interest: The authors declare no conflicts of interest.

Abbreviations

The following abbreviations are used in this manuscript:

TA-SLiCE  thermoacoustic Stirling-like cycle engine

RC resistance—capacitance
DC direct current

RMS root mean square

FFT Fast Fourier Transform

AC alternating current
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