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A B S T R A C T

Accurate multi-horizon time series forecasting remains a major challenge in predictive modeling due to cumu
lative error propagation over extended horizons. This study proposes a unified and reproducible framework that 
integrates adaptive signal decomposition with neural network architectures under a Multiple-Input Multiple- 
Output (MIMO) strategy, effectively removing recursive dependencies and improving training stability. Three 
representative neural models Multilayer Perceptron (MLP), Long Short-Term Memory (LSTM), and Bidirectional 
LSTM (BiLSTM) are systematically combined with both classical and adaptive preprocessing techniques, namely 
trend–fluctuation separation, Empirical Mode Decomposition (EMD), Variational Mode Decomposition (VMD), 
and Empirical Wavelet Transform (EWT). The framework is validated on three economic and energy-related 
datasets (electricity demand, natural gas prices, and CO₂ emission allowances), generating forecasts up to ten 
steps ahead and evaluated through RMSE, MAPE, and R² metrics. Experimental results show that adaptive 
decomposition, particularly VMD and EMD, yield the highest accuracy and stability across prediction horizons, 
while EWT provides consistent intermediate improvements and classical trend-based methods offer only mar
ginal benefits. Moreover, computational analysis demonstrates that the proposed approach remains lightweight 
and efficient, with training and inference times suitable for real-world deployment. Overall, the findings confirm 
that coupling adaptive preprocessing with MIMO-based neural forecasting enhances accuracy, robustness, and 
interpretability without increasing architectural complexity, establishing a practical foundation for multi- 
horizon forecasting in economic and financial domains.

1. Introduction

The development of increasingly efficient models for time series 
forecasting is one of the most intensively studied areas in the last years 
(Lim & Zohren, 2021; Elsayed et al., 2021; Sezer et al., 2020). The de
mand for greater predictive accuracy, particularly in economic and 
financial contexts, arises from increasingly volatile markets where reli
able forecasts are essential (Shaub, 2020). In this regard, Artificial 
Neural Network (ANN)–based models, such as the Multilayer Perceptron 
(MLP), Long Short-Term Memory (LSTM), and Bidirectional LSTM 
(BiLSTM), have consolidated themselves as robust alternatives to 
traditional linear approaches, including AutoRegressive Integrated 
Moving Average (ARIMA) and related statistical techniques 
(Siami-Namini & Namin, 2018). Their ability to capture nonlinear dy
namics, temporal dependencies, and hidden structures within the data 
makes them especially suitable for multi-horizon forecasting, where the 

challenge is to anticipate several future steps based solely on past 
observations.

The aim of time series forecasting is to provide a model that can 
predict the next value of the series by properly processing the N previous 
ones: 

yt+1 = f(xt ,…, xt− N+1) (1) 

where xt is the observation at time t, yt+1 a predicted value at t + 1 and 
f(⋅) a function describing the predictor.

Traditional linear models, such as ARIMA and its variants, have long 
dominated the field of time series forecasting. However, their limited 
capacity to capture nonlinear relationships and long-term dependencies 
often leads to suboptimal performance in complex real-world datasets 
(De Gooijer & Hyndman, 2006; Zhang & Qi, 2005). In contrast, ANNs 
provide a flexible, data-driven alternative that can approximate highly 
nonlinear functions and adapt to heterogeneous patterns within the data 
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(Shiblee et al., 2009). This capability makes them particularly suitable 
for forecasting tasks in volatile environments, where both short- and 
long-range dependencies play a crucial role.

This development of neural network-based models is allowing us to 
explore different aspects, from the amount of data used in predictions 
(Chen et al., 2023; Cerqueira et al., 2019), processing speed (Bontempi 
et al., 2012), and the time horizon of the predictions (Zeng et al., 2023). 
This value determines how many values can be predicted in a single 
iteration of the model. Increasing the accuracy of this type of predictions 
is beneficial in terms of operational efficiency in many aspects.

The prediction horizon is one of the greatest challenges when making 
time series predictions. Most of the state of the art focuses on algorithms 
that develop a single output prediction, a single time step (Htike, 2013), 
since from several past data points it is possible to obtain a result with a 
high fit in a single future prediction. However, in many circumstances, 
multi-horizon forecasting, which predicts multiple stages in the future, 
is preferable, as it can provide significant resource guidance and 
long-term decision-making (Khuntia et al., 2016; Soman et al., 2010). 
However, this approach poses a major challenge for prediction models 
based on neural networks, since, in most cases, the results obtained over 
multiple horizons come from both the real historical information con
tained in the time series and the output variables obtained in the time 
horizon itself (Li et al., 2019). That is, a prediction problem with H 
future steps is addressed by iterating H times from a one-step-ahead 
prediction. In this way, after the prediction of the future value is ob
tained, it serves as feedback for the next prediction, so that the predicted 
values are used as inputs instead of using the actual values, which are 
not available, assuming an increase in error propagation.

When talking about multi-horizon, or multi-step, time series pre
dictions, also called long-term predictions, it involves predicting the 
next H values (yN+1,⋯, yN+H) of a time series with historical data (y1,⋯,

yN) composed of N observations, where H > 1 determines the predic
tion time horizon.

Despite the growing number of comparative studies exploring 
various ANN architectures for time series forecasting, few works have 
systematically examined how data preprocessing, particularly signal 
decomposition techniques, affects model accuracy and stability across 
extended prediction horizons. Prior research has mainly compared 
network structures or training strategies, overlooking the potential 
interaction between preprocessing stages and neural architectures. 

Consequently, it remains unclear whether improvements in predictive 
performance are primarily driven by architectural complexity or by the 
quality of input signal decomposition. This gap is particularly relevant 
for multi-horizon settings, where error accumulation and signal distor
tion can severely affect forecasting reliability.

In this work, we contribute to the field of multi-horizon forecasting 
by empirically assessing how the integration of preprocessing tech
niques with neural network architectures can improve accuracy and 
stability across extended prediction horizons. Specifically, our study 
addresses two open questions left unresolved by previous comparative 
analyses: (i) To what extent can advanced decomposition-based pre
processing methods enhance predictive accuracy across different hori
zons? and (ii) How does the interaction between preprocessing and 
forecasting architecture affect error propagation and long-term 
stability?

To this end, we adopt the Multiple-Input Multiple-Output (MIMO) 
strategy (Bontempi, 2008) which avoids recursive error propagation by 
training the model to provide all the future predictions simultaneously. 
This choice provides a simple and computationally efficient framework 
that is particularly well suited for disentangling the methodological 
contribution of data preprocessing from that of the forecasting 
architecture.

While alternative approaches such as the Direct prediction strategy 
(Zhang et al., 2013; Hamzaçebi et al., 2009; Kline, 2004), the Recursive 
strategy (Parlos et al., 2000; Su et al., 1992; Ng & Young, 1990), 
Direct-Recursive (DirRec) (Sorjamaa & Lendasse, 2006), or 
Direct-Multi-Output (DirMO) (Taieb et al., 2010) suffer from either error 
accumulation or structural complexity, our study demonstrates that 
combining the MIMO strategy with advanced decomposition methods 
and neural networks yields more robust and interpretable forecasts over 
longer horizons.

Therefore, the core innovation of this work lies in the design and 
validation of a unified experimental framework that systematically in
tegrates adaptive signal decomposition with direct multi-horizon neural 
forecasting. Unlike prior studies that examined these components 
separately, our approach isolates the impact of preprocessing under a 
controlled MIMO setting, thereby revealing the specific contribution of 
decomposition techniques (EMD, VMD, and EWT) to the long-term 
stability of forecasts. This integration constitutes both a methodolog
ical and empirical advancement, as it establishes a replicable basis for 
evaluating the interplay between data transformation and neural 
modeling in complex economic time series.

Table 1 
Comparison of several multi-step-ahead forecasting methodologies.

Method Description Advantage Limitation

Direct Independent model per horizon No error propagation Multiple models required
Recursive Recursive one-step forecasting Simple, widely used Error accumulation
DirRec Hybrid of direct and recursive Reduces error propagation Embedding grows with horizon
MIMO Multi-output model Preserves temporal dependence One model for all horizons
DirMO Block-wise multi-output Combines direct & MIMO Complex training

Table 2 
Hyperparameters used for the preprocessing algorithms.

Window 
(TF)

Peaks 
(W)

Wavelet 
(W)

IMFs 
(EMD)

IMFs 
(VMD)

Modes 
(EWT)

EII 5 5 Db5 10 6 5
Gas 5 5 Db5 10 6 5
CO2 5 5 Db5 9 6 5

Table 3 
Significant hyperparameters adjusted for the three neural models used. HL stans for “Hidden Layer” an OL for “Output Layer”.

Model Hidden layers Neurons in HL Neurons in OL Input data Epochs Minibatch size Learning rate Training

MLP 1 10 10 10 100 ​ ​ Levenberg-Marquard
LSTM/ 

BiLSTM
1 10 10 1 100 128 0.005 Adam

Table 4 
Time consumed to perform the decompositions proposed in this work. Time in 
seconds.

Model TF W EMD VMD EWT

Time 0.0014 0.0026 0.0097 0.5545 0.0157
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The remainder of the article is organized as follows. In Section 2, we 
present some of the basic techniques for multi-step-ahead time series 
prediction using ANN. Section 3 presents the methodology employed, 
explaining the preprocessing techniques and neural models used. Sec
tion 4 presents several experiments to compare the performance of the 
preprocessing methods and different time horizons. Section 5 offers 
discussions, conclusions, and observations for future work.

2. Multi-step forecasting methods

To delve deeper into multi-horizon forecasting, it is helpful to 
explore previous work on time series forecasting and its evolution over 
recent decades. Knowing that a time series is a sequence of historical 
measurements xt of an observable variable at equal time intervals, we 
will explore the literature on time series forecasting and delve deeper 
into multi-horizon forecasting.

Time series forecasting has historically been the domain of linear 
statistical models such as ARIMA, their limitations becoming apparent in 
the 1980s, a period coinciding with the development of nonlinear 
models such as the heteroskedastic conditional autoregressive (ARCH) 
model (Engle, 1982). Subsequently, machine learning models gained a 
foothold in the scientific community, consolidating themselves as solid 
proposals in the field of time series forecasting, managing to surpass the 
results of classical models (Mahmud et al., 2025; Nasir et al., 2025; 
Gonçalves et al., 2023).

Among the different forecasting tools available in this field, neural 
networks appear as the most widely used for time series forecasting for 
their flexibility, robustness, and accuracy. They seem to be the more 

flexible option to carry out multi-step-ahead predictions. (Torres et al., 
2021; Cheng & Wang, 2020). This is why we will use them as the pre
diction tool in this work.

The growing interest in using neural networks for multi-horizon time 
series forecasting, driven by their flexible learning capabilities, has led 
to experimentation with various deep learning approaches (Wang et al., 
2022), showing significant performance improvements over traditional 
statistical models (Alaa & van der Schaar, 2019; Makridakis et al., 
2020). Although many of these architectures are grounded in variations 
of RNNs, more recent research has incorporated attention mechanisms 
to optimize the selection of the most relevant time steps (Fan et al., 
2019), particularly in Transformer-based models (Li et al., 2019).

In parallel, Graph Neural Networks (GNNs) have emerged as a 
promising alternative for capturing spatial or structural dependencies 
among multiple interconnected time series (Rangapuram et al., 2018). 
However, both attention-based and graph-based models present prac
tical limitations (Grassi, 2024), either due to their high computational 
demands or the difficulty of generalizing their performance in contexts 
with limited data or without an explicit network structure.

For multi-step-ahead prediction several techniques have been pro
posed and one of them should be selected to deal with the problem at 
hand. According to research conducted by Taieb et al (2010), we can 
distinguish 5 types of algorithms for multi-horizon predictions. To 
provide a clearer overview of the methodological landscape, Table 1
summarizes the main multi-step forecasting strategies, highlighting 
their advantages and limitations as reported in the literature.

Each of these methods presents specific advantages, but they also 
involve important limitations when applied to long forecasting horizons. 

Table 5 
Time consumed to perform training and validation with the MLP for each preprocessing technique. The time consumed for the direct prediction is also provided for 
comparison. Time in seconds.

MLP Direct TF W EMD VMD EWT

Training 7.51782 15.57213 15.5256 185.067 169.205 165.559
Validation 0.00613 0.012462 0.01240 0.13493 0.08418 0.08302

Table 6 
Time consumed to perform training and validation with the LSTM for each preprocessing technique. The time consumed for the direct prediction is also provided for 
comparison. Time in seconds.

LSTM Direct TF W EMD VMD EWT

Training 1.22676 2.46107 2.30463 19.4984 16.041 16.6557
Validation 0.00937 0.01888 0.01762 0.13847 0.10384 0.11029

Table 7 
Time consumed to perform training and validation with the BiLSTM for each preprocessing technique. The time consumed for the direct prediction is also provided for 
comparison. Time in seconds.

BiLSTM Direct TF W EMD VMD EWT

Training 2.496169 4.94243 4.60177 35,97,652 31,02,291 30,41,048
Validation 0.011524 0.02118 0.02126 0403,852 0357,653 0135,607

Table 8 
RMSE metric for the EII time series at different time steps.

Metrics

Model N◦ steps Direct TF W EMD VMD EWT

MLP 1 6602 6486 5428 5457 1714 4260
​ 5 15,470 15,664 16,163 9821 3828 5374
​ 10 18,605 15,578 17,486 12,012 4922 6656
LSTM 1 8505 7564 9404 5709 3098 4834
​ 5 15,722 19,636 17,529 11,949 6556 7107
​ 10 14,981 17,933 16,354 13,238 6224 8838
BiLSTM 1 5771 4170 4824 4073 2290 3291
​ 5 6671 5274 5241 4222 3600 3552
​ 10 9666 6668 7780 6438 4429 4174

Table 9 
RMSE metric for the NG time series at different time steps.

Metrics

Model N◦ steps Direct TF W EMD VMD EWT

MLP 1 0740 0974 0651 0611 0310 0568
​ 5 1135 0865 1051 0728 0450 0790
​ 10 1,40 1027 1410 0848 0678 0864
LSTM 1 0545 0621 0560 0648 0345 0610
​ 5 0848 0881 0876 1038 0478 0863
​ 10 0949 0972 0975 1029 0746 1054
BiLSTM 1 0567 0495 0529 0515 0306 0511
​ 5 0625 0567 0651 0593 0436 0536
​ 10 0711 0648 0689 0586 0492 0573
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In Direct methods, H (number of future predictions) forecasting models 
are defined to predict each time step of the time horizon. This results in a 
very complex structure that demands a lot of computation resources. 
Recursive forecasting suffers from progressive error accumulation, 
which severely deteriorates accuracy as the time horizon increases. 
MIMO models define a unique forecasting model that provides all the 
predictions for the entire time horizon at once, resulting in a likely large 
forecasting structure. Hybrid methods such as DirRec, which combines 
direct and recursive strategies, add further complexity, but does not 
avoid the problem of error accumulation. Similarly, DirMO strategies 
require predicting several time horizons simultaneously using multiple 
MIMO models. This creates a complex structure that must be defined 
through trial and error since the optimal number of MIMO models and 
time horizons cannot be determined a priori. Therefore, the MIMO 
method appears as the simplest structure that can avoid the error 
accumulation problem.

For these reasons, in this study we adopt the MIMO method. Under 
this approach, one only forecasting model is trained to forecast several 
future data, which allows predictions to be generated without relying on 
previously forecasted values. By avoiding recursive dependency, this 
method eliminates the propagation of errors and provides a straight
forward yet effective framework for analyzing the contribution of pre
processing techniques and neural architectures to multi-step forecasting. 
In addition, one only forecasting model needs be used providing a very 
simple structure, what improves robustness, facilitates interpretability, 
and offers a clear methodological basis to isolate the effects of our 
proposed innovations.

In this method a forecasting model is defined to processes N past data 

(xt ,…, xt− N+1) to provide H future predictions 
(

yt+1,…,yt+H

)
at once: 

(
yt+1,…,yt+H

)
= f(xt ,…, xt− N+1) (2) 

In this case, there is no accumulation of errors, since forecasted 
values are not used to make the predictions. In addition, only one 
forecasting model must be defined, which allows an easier adjustment of 
its parameters that facilitates the search for the structure performing the 
best and allows for an easier interpretation of the results.

3. Methodology

In this work, we propose a strategy that combines the time series 
preprocessing with a forecasting tool to provide multistep predictions. 
The forecasting models will be neural networks since they have been 
proven to predict time series and are often the preferred tool for time 
series forecasting (Agarwal et al., 2025; Mounir et al., 2023) accurately 
and reliably.

Two models will be tested: a feedforward network with no feedback 
among neurons, the Multilayer Perceptron, and a recurrent model with 
feedback loops to leverage the temporal relationship between the data of 
the time series presented as inputs, the Long Short-Term Memory. A 

third model, a more sophisticated version of the LSTM, will also be 
tested. These two neural network models were selected for their proven 
reliability and effectiveness in time series prediction, especially when 
working with datasets that have undergone prior transformations 
(Khedhiri, 2022; Paoli et al., 2010).

The need to preprocess the time series data before forecasting arises 
from the fact that many time series exhibit highly complex behaviors 
that hinder the ability of forecasting models to provide reliable and 
accurate predictions when applied directly. Numerous studies have 
demonstrated that preprocessing data before forecasting can signifi
cantly improve the performance of a forecasting tool (Li et al., 2019; 
Moghaddam et al., 2016; ).

The purpose of this preprocessing is to transform the original time 
series into one or more subseries that are easier to predict. This strategy 
is particularly advantageous when the data have periodic or quasi- 
periodic components because preprocessing allows the series to be 
decomposed into subseries that can be associated with specific fre
quency components, making them easier to predict. Therefore, several 
preprocessing algorithms will be tested in this work along with the 
neural models. They range from the simple decomposition of the time 
series into its trend and fluctuations around it (two strategies will be 
proposed: to extract the trend by means of a moving average and by a 
noise rejection filter) to more sophisticated decomposition tools that 
decompose the series into subseries closely related to frequencies 
defining oscillatory modes, such as the Empirical Mode Decomposition 
(EMD), the Variational Mode Decomposition (VMD), and the Empirical 
Wavelet Transform (EWT).

Table 10 
RMSE metric for the CO2 emission allowance price time series at different time 
steps.

Metrics

Model N◦

steps
Direct TF W EMD VMD EWT

MLP 1 22,593 6435 39,631 1667 21,797 2777
​ 5 57,345 28,545 48,662 2411 21,288 5301
​ 10 81,953 104,801 79,531 3080 17,393 5909
LSTM 1 13,016 17,234 13,790 3457 15,990 12,286
​ 5 17,077 14,324 13,955 3461 17,428 11,253
​ 10 18,750 18,450 19,540 3971 15,948 12,185
BiLSTM 1 24,668 17,773 23,959 3746 19,619 8617
​ 5 24,654 23,874 25,180 4446 29,102 11,473
​ 10 21,674 28,348 29,413 4389 23,164 11,611

Fig. 1. Structure of the forecasting model proposed in this work. It has been 
peculiarized for the case of decomposition with EMD for better understanding. 
Why do all the figures appear in the middle of the appendix? We understand 
that in the final version they appear throughout the paper, distributed in the 
section corresponding to them, right?.
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The proposed forecasting model is a sequential structure which starts 
by normalizing the original time series values for better processing. 
Then, depending on the method, the normalized time series is decom
posed into two or more subseries using one of the proposed pre
processing methods. Each subseries is forecasted independently using 
one of the selected neural networks. The predictions are then summed 
up to obtain an overall forecast, which is denormalized to predict the 
original time series.

The normalization and denormalization process is necessary for time 
series forecasting with a neural network because it adapts the dataset’s 
range of values to the range of the neural network’s inputs and outputs. 
Without this process, the neural model could fail to predict extreme 
values or have difficulty with time series that have a large range of 
values.

Fig. 1 illustrates this structure of the proposed forecasting model, in 
which the decomposition process is particularized to EMD for a better 
understanding of the model.

This workflow is consistently applied across all preprocessing tech
niques tested in this study (TF, W, EMD, VMD, and EWT), with only the 
decomposition stage varying according to the selected method. Fig. 1
illustrates the general structure of this MIMO-based forecasting frame
work, exemplified with the EMD case for clarity. Once this unified 
workflow was established, we proceeded to evaluate the performance of 
several neural architectures, specifically, Multilayer Perceptron, Long 
Short-Term Memory, and Bidirectional LSTM to analyze how different 
network topologies interact with the preprocessed inputs and influence 
multi-horizon prediction accuracy. Subsequently, we detail each of 
these models, followed by the mathematical description of the 

Fig. 2. EII time series prices. The figure displays the electricity consumption of the School of Industrial Engineering (EII) at the University of Extremadura.

Fig. 3. Natural gas time series prices. The figure displays the daily Natural Gas prices (NG) recorded in the European energy market over the observation period.

A. Lazcano et al.                                                                                                                                                                                                                                Machine Learning with Applications 22 (2025) 100781 

5 



preprocessing algorithms employed.

3.1. Multilayer perceptron (MLP)

Within the MIMO framework, the MLP maps an input window of 
length N to a vector of H future values: (). The MLP consists of an input 
layer, one or more hidden layers with nonlinear activation functions, 
and an output layer of dimension H. The model learns a nonlinear 
mapping that approximates the function between past and future 

observations: .
The proposed architecture consists of one hidden layer with ten 

neurons and an output layer of ten neurons, corresponding to the ten- 
step prediction horizon. This configuration was selected after testing 
multiple layer and neuron combinations, as it provided the most stable 
accuracy across datasets (see Section 5.1). The network uses the Lev
enberg–Marquardt algorithm for training, which is particularly efficient 
for shallow feedforward networks implemented in MATLAB. The acti
vation function in the hidden layer is the hyperbolic tangent sigmoid, 

Fig. 4. CO₂ emission allowance time series prices. The figure displays the daily CO₂ emission allowance prices obtained from the European Energy Exchange (EEX) 
throughout the observation period.

Fig. 5. Decomposition of the EII time series into trend and fluctuations using the moving average method. The x-axis represents the time index (observations), while 
the y-axis indicates the corresponding signal amplitude of the EII series.
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Fig. 6. Decomposition of the EII time series into trend and fluctuations using the wavelet denoising method (db5 wavelet, level 1). The x-axis represents the time 
index (observations), while the y-axis indicates the signal amplitude of the EII series.

Fig. 7. Decomposition of the EII time series into Intrinsic Mode Functions (IMFs) using the Empirical Mode Decomposition (EMD) method. The x-axis represents the 
time index (observations), and the y-axis corresponds to the amplitude of each extracted IMF component.
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and the output layer uses a linear activation to predict continuous 
values. The model is trained for up to 100 epochs, as convergence is 
consistently achieved before this limit. Classical MLP formulations are 
provided in Appendix A (Hornik et al., 1989; Zhang et al., 2022).

3.2. Long short-term memory (LSTM)

The LSTM is a recurrent neural network capable of capturing tem
poral dependencies by maintaining internal memory states. Unlike 
MLPs, LSTMs process sequences step-by-step, allowing information to 
persist through time. In our framework, a stacked LSTM directly outputs 
H steps without recursion (MIMO configuration), avoiding cumulative 
error propagation. Input windows of length N are used, and the model 
outputs H values per sample: ŷt+1:t+H = LSTM(xt,xt− 1,…,xt− N+1).

The model includes a single LSTM layer with ten units followed by a 
fully connected output layer of size ten. Training is performed using the 
Adam optimizer with a learning rate of 0.005, batch size 128, and early 
stopping to prevent overfitting. This design efficiently captures both 
short- and long-term dependencies while maintaining computational 
simplicity and comparability with the MLP. Gate equations governing 
input, forget, and output dynamics are summarized in Appendix A.

3.3. Bidirectional LSTM (BiLSTM)

The BiLSTM extends the unidirectional LSTM by processing the input 
sequence in both forward and backward directions, allowing the 
network to learn from past and future contexts simultaneously. The 
architecture consists of one bidirectional LSTM layer with ten units in 
each direction (20 total outputs concatenated), followed by a linear 
layer of ten neurons to produce the final forecast. That is, the BiLSTM 
replaces the LSTM encoder with bidirectional layers to capture patterns 

with asymmetric temporal dependencies while still producing a single 
H-dimensional output via a linear head (MIMO configuration): 
ŷt+1:t+H = Linear([→LSTM(xt),←LSTM(xt)]).

As with the LSTM, the BiLSTM is trained using the Adam optimizer 
under the same settings (learning rate 0.005, batch size 128, 100 
epochs). This configuration balances model expressiveness and training 
efficiency, ensuring consistent comparison with the other architectures 
(Siami-Namini et al., 2019; Kim & Moon, 2019). Formal bidirectional 
recurrences and references appear in Appendix A.

3.4. Data preprocessing

3.4.1. Trend-flutuations decomposition
Trend-flutuations decomposition separates a time series into low- 

frequency (trend) and high-frequency (fluctuation) components, 
allowing independent modeling of each. The trend is estimated using a 
moving average: T(t) = (1 /(N+1))∗ΣN

i=0x(t − i) while fluctuations are 
obtained as F(t) = x(t) − T(t).

Both T(t) and F(t) can be forecasted independently, improving the 
capacity of neural networks to learn specific behaviors. In our imple
mentation, these components serve as parallel inputs to the MIMO 
networks, and after prediction, their outputs are recombined to produce 
the final forecast at the original scale.

Another option to carry out the trend-fluctuation decomposition is to 
obtain the trend series from a noise-rejection filter developed with the 
wavelet transform. The fluctuation series will be the corresponding 
noise series obtained by subtracting the denoised series from the original 
one.

The mathematical formulation and complete derivation of the 
moving average–based trend and the noise-rejection trend de
compositions are provided in Appendix A for reference.

Fig. 8. Decomposition of the EII time series into modes using the Variational Mode Decomposition (VMD) technique. The x-axis represents the time index (ob
servations), while the y-axis shows the amplitude of each VMD mode extracted from the original signal.

A. Lazcano et al.                                                                                                                                                                                                                                Machine Learning with Applications 22 (2025) 100781 

8 



3.4.2. Empirical model decomposition
EMD decomposes a time series into a finite set of Intrinsic Mode 

Functions (IMFs) and a residual term. Each IMF represents oscillatory 
behavior at a characteristic time scale. The decomposition is adaptive 
and data-driven, allowing nonlinear and non-stationary signals to be 
effectively represented.

Formally, the original signal can be reconstructed as: x(t) = Σici(t) +

r(t). In our implementation, each IMF and the residual are fed as 
separate input channels to the forecasting model. The forecasts for each 
component are recombined by summation, which yields the final multi- 
horizon prediction. A full description of the EMD sifting process and the 
corresponding equations governing the extraction of intrinsic mode 
functions can be found in Appendix A.

3.4.3. Variational mode decomposition
VMD is an optimization-based technique that decomposes the input 

signal x(t) into several modes ui(t), each associated with a narrow fre
quency band centered around ωi. The signal reconstruction is given by: 
x(t) = ΣK

i=1ui(t) = ΣK
i=1Ai(t)∗cos(φi(t)) and ωi(t) = ∂φi(t) /∂t.

We tune the number of modes K and the penalty factor α via cross- 
validation. Each mode is standardized and treated as an independent 
channel for the forecasting model. After prediction, the reconstructed 
signal is obtained by summing the predicted modes. The complete 
variational formulation of the VMD algorithm, including the augmented 
Lagrangian and ADMM optimization steps, is detailed in Appendix A.

3.4.4. Empirical wavelet transform
EWT performs a spectral decomposition of x(t) by constructing 

adaptive wavelet filters based on empirical frequency boundaries. The 
process divides the Fourier spectrum into N bands, each defining a 
wavelet ψ i(t) and a scaling function φ1(t). The decomposition and 

reconstruction follow: x(t) = x0(t) + ΣN− 1
i=1 xi(t) where x0(t) = Wε

f (0, t) ∗
φ1(t) and xi(t) = Wε

f (i, t) ∗ ψ i(t).
Empirical modes are used as inputs to the forecasting models. High- 

frequency, low-energy modes can be discarded to reduce noise. All 
transformations are fitted using the training set only, ensuring that no 
data leakage occurs, and inverse transforms are applied to reconstruct 
forecasts on the original scale. The formal definitions of the empirical 
wavelet filters and the reconstruction equations used in the EWT are 
comprehensively presented in Appendix A.

4. Experimentation

Throughout this research, we have attempted to identify methodol
ogies capable of producing multi-horizon predictions without compro
mising error metrics, eliminating the techniques traditionally used for 
this purpose, which were typically associated with error accumulation.

This study aims to identify forecasting methodologies capable of 
generating stable multi-horizon predictions while minimizing the 
propagation of error. Specifically, it explores whether combining pre
processing techniques with direct multi-horizon prediction strategies 
can improve the accuracy and stability of neural network–based fore
casting models.

Using preprocessing techniques in combination with a direct multi- 
horizon prediction technique will demonstrate that greater stability in 
error metrics can be achieved, thereby simplifying the process of 
obtaining multi-horizon predictions in a single forecasting step.

The central hypothesis is that integrating signal decomposition or 
transformation techniques before training enhances the model’s 
learning process, allowing it to generate multi-horizon forecasts in a 
single step without the need for recursive prediction and without cu
mulative degradation of performance.

Fig. 9. Decomposition of the EII time series into spectral modes using the Empirical Wavelet Transform (EWT) method. The x-axis represents the time index 
(observations), and the y-axis displays the amplitude of each EWT mode derived from the original signal.
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To test this hypothesis, multiple tests are performed combining 
different preprocessing models with neural network techniques such as 
MLP, LSTM, and BiLSTM. The evolution of performance metrics is 
measured over different time horizons. The results achieved by the 
different structures tested will be compared, obtaining an approxima
tion of the preprocessing and model that allows for a longer time horizon 
without compromising the metrics.

To validate this hypothesis, we performed a comprehensive set of 
experiments combining several preprocessing strategies (trend–
fluctuation decomposition, EMD, VMD, and EWT) with three neural 

network architectures: MLP, LSTM, and BiLSTM. The experiments 
evaluate how each preprocessing method affects predictive performance 
as the forecast horizon increases. By comparing the evolution of error 
metrics (RMSE, MAPE, and R²) across different horizons, we determine 
which model–preprocessing combination yields the best trade-off be
tween forecast length and accuracy.

To achieve this, tests are performed on 1 to 10 output data points, 
identifying the outcome metrics for each, allowing for a comparison of 
the evolution based on the preprocessing technique used. Specifically, 
each model generates forecasts for 1 to 10 future time steps, enabling a 

Fig. 10. Evolution of the error metrics with the number of forecasting steps for the EII time series. Subplots (a1–c1) correspond to the MLP model, (a2–c2) to the 
LSTM model, and (a3–c3) to the BiLSTM model. For each model, the plots display the variation of RMSE, MAPE, and R² metrics across different forecasting horizons 
and preprocessing techniques (Direct, TF, W, EMD, VMD, and EWT). The x-axis represents the time window (forecasting step), while the y-axis indicates the cor
responding error metric value.
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fine-grained comparison of how predictive quality degrades or remains 
stable over longer horizons depending on the preprocessing applied.

For all models, an architecture based on a single hidden layer with 10 
neurons was chosen, allowing the subsequent 10-time steps to be ob
tained from a single observation. Other numbers of neurons were tested, 
but this number generally yielded the best performance in most cases.

To ensure comparability and computational efficiency, all neural 
networks were implemented using a standardized architecture with one 
hidden layer of 10 neurons, sufficient to generate 10-step forecasts from 
a single observation window. Preliminary tests with alternative config
urations confirmed that this setup provided the most consistent and 
interpretable results across datasets.

4.1. Dataset

Three representative economic and energy-related time series were 
selected to evaluate the proposed approach.1 Each dataset was divided 
into 75 % for training and 25 % for validation to ensure balanced 
learning and fair performance comparison across models.

The first series that is represented is the electricity consumption of 
the School of Industrial Engineering (EII) at the University of Extrem
adura. Data was collected hourly between January 1 and December 31, 

Fig. 11. Evolution of the error metrics with the number of forecasting steps for the Gas time series. Subplots (a1–c1) correspond to the MLP model, (a2–c2) to the 
LSTM model, and (a3–c3) to the BiLSTM model. For each model, the plots depict the variation of RMSE, MAPE, and R² metrics across different forecasting horizons 
and preprocessing techniques (Direct, TF, W, EMD, VMD, and EWT). The x-axis represents the time window (forecasting step), while the y-axis indicates the cor
responding error metric value.

1 To access the dataset follow this link: https://universidadfv-my.sharepoint. 
com/:f:/g/personal/ana_lazcano_ufv_es/Eqm7Ag0PZcVHkBA4snAoX
ZAB5Z9vNgrtCjM0Jk0VD6z3Bg?e=fdAjMw
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2022, resulting in a total of 8607 observations, see Fig. 2.
The second series uses data corresponding to daily Natural Gas prices 

(NG), with data collected between January 1997 and February 2024, for 
a total of 6821 observations. This series is characterized by high vola
tility, highlighting a greater need for a robust methodology that allows 
for greater stability in multi-horizon forecasts, see Fig. 3.

The third dataset represents daily CO₂ emission allowance prices in 
the European Union, obtained from the European Energy Exchange 
(EEX), Leipzig, Germany. The data ranges span from April 2005 to 
December 2022, with a total of 4553 observations, see Fig. 4. This series 
exhibits a strong trend, reinforcing the need to be able to make multi- 
step predictions without compromising the metrics to achieve a better 
adjustment to market prices.

These three datasets collectively provide a diverse testing ground 
combining cyclical (electricity), highly volatile (natural gas), and 
strongly trending (CO₂ allowances) behaviors allowing us to assess the 
adaptability and robustness of each modeling strategy under distinct 
dynamic conditions.

4.2. Error metrics

The performance of the models is evaluated using three standard 
error metrics (Botchkarev, 2018): Root Mean Squared Error (RMSE), 
Mean Absolute Percentage Error (MAPE), and R².

Root Mean Squared Error (RMSE): 

Fig. 12. Evolution of the error metrics with the number of forecasting steps for the CO₂ emission allowances time series. Subplots (a1–c1) correspond to the MLP 
model, (a2–c2) to the LSTM model, and (a3–c3) to the BiLSTM model. Each group of plots shows the behavior of RMSE, MAPE, and R² metrics across different 
forecasting horizons and preprocessing strategies (Direct, TF, W, EMD, VMD, and EWT). The x-axis represents the time window (forecasting step), while the y-axis 
displays the corresponding error metric value.
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Fig. 13. The last 100 predictions of the EII time series obtained using the MLP model. The figure displays the results for the direct prediction, the desired (true) 
values, and the outputs obtained with the different preprocessing strategies (TF, W, EMD, VMD, and EWT). Subplot (a) shows the one-step-ahead (t + 1) predictions, 
while subplot (b) presents the ten-step-ahead (t + 10) forecasts. The x-axis represents the time index (observations), and the y-axis indicates the signal amplitude of 
the EII series.

Fig. 14. The last 100 predictions of the EII time series obtained using the LSTM model. The figure illustrates the direct prediction, the desired (true) values, and the 
outputs derived from the different preprocessing strategies (TF, W, EMD, VMD, and EWT). Subplot (a) shows the one-step-ahead (t + 1) predictions, whereas subplot 
(b) presents the ten-step-ahead (t + 10) forecasts. The x-axis represents the time index (observations), and the y-axis denotes the signal amplitude of the EII series.

Fig. 15. The last 100 predictions of the EII time series obtained using the BiLSTM model. The figure compares the direct prediction, the desired (true) values, and the 
results obtained through the various preprocessing methods (TF, W, EMD, VMD, and EWT). Subplot (a) displays the one-step-ahead (t + 1) predictions, while subplot 
(b) shows the ten-step-ahead (t + 10) forecasts. The x-axis corresponds to the time index (observations), and the y-axis represents the amplitude of the EII signal.
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RMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
N
∑N

t=1
(x(t) − x̂(t))2

.

√
√
√
√ (3) 

Mean Absolute Percentage Error (MAPE): 

MAPE =
1
N
∑N

t=1

|x(t) − x̂(t)|
|x(t)|

× 100. (4) 

R-squared (R2): 

R2 = 1 −

∑N
t=1(x(t) − x̂(t))2

∑N
t=1(x(t) − x(t))2 . (5) 

In these expressions, the original time series is denoted as x(t), and 
the predicted series is identified as x̂(t). The mean of the original time 
series is x(t), and the total number of observations is N.

The predictive capacity of the models is evaluated using MAPE and 
RMSE. Lower values indicate greater accuracy. The model performance 
is evaluated using R2, which explains how closely the predictions align 
with the original time series. Its value ranges from 1 to 0, though values 
lower than 0 are also possible albeit unusual. Negative values of R² mean 
that there is virtually no relationship between the predictions and the 
actual data.

Thus, the closer its value is to one, the better the fit. Using R2 

alongside the other metrics employed in this work provides a more 
rigorous analysis of the results provided by the forecasting models, 
allowing for easier comparison (Olawoyin & Chen, 2018). Using all 
these metrics together provides a more robust and rigorous evaluation of 
predictions (Botchkarev, 2019; Li, 2017).

5. Experimental results

The proposed experimentation was carried out using three repre
sentative time series from the economic field that were presented as 
datasets. In the initial phase, the preprocessing techniques described 
above were applied to each dataset: trend-fluctuation decomposition, 
empirical mode decomposition, variational mode decomposition, and 
empirical wavelet transform. Trend-fluctuation decomposition was 
performed in two ways: extracting the trend by means of a moving 
average (TF) and using a noise rejection filter with wavelets (W in the 
tables and figures).

These preprocessing techniques were selected to evaluate how 
different forms of signal transformation ranging from simple smoothing 
to adaptive decomposition affect forecasting stability and accuracy 
across models. After preprocessing, each subseries obtained using these 
techniques was independently forecasted using three selected neural 
network models: MLP, LSTM, and BiLSTM. Predictions for the original 
series were obtained by summing the predictions for each subseries.

These models are widely recognized for their effectiveness in pre
dicting economic time series (Yang et al., 2022; Pirani et al., 2022; Yang 
& Wang, 2022). For comparison purposes, the three-time series were 
also predicted directly without preprocessing (Direct). This allows us to 
analyze in detail the actual improvement in accuracy that preprocessing 
can induce in multi-horizon forecasting.

The comparative setup thus distinguishes between models trained 
directly on raw data and those trained on decomposed subcomponents, 
isolating the effect of preprocessing on learning stability and error 
propagation.

The experimental design contemplates generating multi-horizon 
predictions, that is, several future time steps will be provided in each 
forecast. Specifically, outputs ranging from 1 to 10-time steps were 
provided for each model to analyze the robustness of the predictions as 
the time horizon increases.

5.1. Simulation environment

5.1.1. Computational setup and software environment
All simulations were conducted using MATLAB R2024a on a personal 

computer equipped with an Intel i9 processor and an NVIDIA RTX 4070 
GPU. Both the preprocessing methods and the neural network models 
were implemented using MATLAB’s built-in toolboxes, which allow for 
flexible adjustment of key hyperparameters. The values assigned to the 
main hyperparameters are detailed in the following subsections.

5.1.2. Data normalization and preprocessing methods
Before the decomposition process, all time series were normalized by 

subtracting the mean and dividing by the standard deviation of each 
dataset. The inverse normalization was applied to rescale predictions to 
their original units. Although min–max normalization was also tested, 
the mean–standard deviation normalization provided superior fore
casting results. This step prevents extreme values from negatively 
affecting the learning capability of the neural networks, as is common 
practice in time series forecasting.

Figs. 5–9 illustrate, for the EII dataset, how each preprocessing 
technique decomposes the original series into multiple subseries (trend/ 
fluctuation, wavelet-based trend, IMFs, VMD modes, or EWT modes). 
Each subseries was individually forecasted and subsequently aggregated 
and denormalized to reconstruct the final multi-horizon prediction. 
Table 2 summarizes the main preprocessing hyperparameters.

(a) Trend–Fluctuation and Wavelet Decompositions
For the moving-average trend decomposition, a window size of 5 

yielded the most accurate forecasts across datasets (Fig. 5). For the 
wavelet-based noise-reduction method, a Daubechies-5 (db5) wavelet 
with a single-level decomposition was used, retaining only the low- 
frequency component to obtain the trend (Fig. 6). Other wavelets 
were tested, but no significant improvement was observed.

(b) Empirical Mode, Variational Mode, and Empirical Wavelet 
Decompositions

Both EMD and VMD automatically determine the number of intrinsic 
mode functions (IMFs) and modes. EMD produced 8 and 9 IMFs plus a 
residue, while VMD yielded 5 modes plus a residue for all series. For the 
EWT, the maximum number of peaks was set to 5, since higher values 
did not lead to noticeable accuracy gains. The corresponding de
compositions for the EII series are shown in Figs. 7–9.

5.1.3. Neural network architectures and training configuration
Three neural network architectures were implemented in this study: 

a Multilayer Perceptron, a Long Short-Term Memory network, and a 
Bidirectional LSTM. The MLP model was designed with a single hidden 
layer and one output layer, following the theoretical foundation estab
lished by Hornik et al (1989), who demonstrated that a single hidden 
layer is sufficient for approximating any nonlinear mapping when an 
adequate number of neurons is used. In our implementation, both the 
hidden and output layers comprised 10 neurons, corresponding to the 
10-step forecasting horizon. Several configurations were tested for the 
hidden layer but increasing or reducing the number of neurons consis
tently led to decreased accuracy or less stable convergence, confirming 
that this setting represented the optimal trade-off between complexity 
and generalization.

The LSTM and BiLSTM architectures were designed to allow direct 
comparison with the MLP while leveraging their capacity to model 
temporal dependencies. Each model consisted of one LSTM layer fol
lowed by a fully connected output layer, both with 10 neurons. Using 
this structure ensured comparable complexity across models. Because 
LSTM-based networks incorporate internal memory mechanisms to 
retain information about past values, only one input feature was 
required. Additional input values were also tested but did not improve 
predictive performance and occasionally led to degradation due to 
interference with the models’ internal state representation.

Regarding training procedures, the MLP was optimized using the 
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Levenberg–Marquardt algorithm, which is particularly efficient for 
shallow networks, whereas the LSTM and BiLSTM models were trained 
with the Adam optimizer using a learning rate of 0.005. Training was 
conducted for 100 epochs, a number empirically determined to guar
antee convergence since no significant reduction in training error was 
observed beyond that point. For the LSTM-based models, data were 
processed in minibatches of 128 samples, consistent with MATLAB’s 
default configuration, which proved effective for maintaining stable 
convergence without sacrificing accuracy. The main hyperparameters 
corresponding to each neural network configuration are summarized in 
Table 3.

5.1.4. Configuration computational performance and efficiency
To ensure transparency and reproducibility, all hyperparameters 

were systematically tested on the training set. The selected configura
tions (Tables 2 and 3) represent the most stable setups, balancing per
formance, and computational cost. The computational efficiency of each 
stage was also analyzed. The decomposition times, summarized in 
Table 4, show that all preprocessing steps completed in less than one 
second, confirming their negligible impact on total simulation time.

Tables 5,6,7 present the training and validation times for the three 
models using the EII dataset (the largest one). Validation was consis
tently completed in under one second, demonstrating the framework’s 
lightweight nature and operational feasibility.

Although the MLP exhibits the simplest structure, its training time 
was longer due to the global optimization process of the Lev
enberg–Marquardt algorithm. In contrast, LSTM and BiLSTM models 
benefited from minibatch training, achieving faster convergence. 
Nonetheless, since MLP training is performed only once, its longer 
training time does not represent a practical limitation.

Overall, the proposed framework proves computationally tractable 
and can be executed efficiently on standard desktop hardware without 
requiring specialized computational resources. The decomposition- 
based preprocessing further enhances interpretability, as each subse
ries can be analyzed independently to understand its contribution to the 
final prediction.

5.2. Results assessment

Tables 8–10 present a summary of the results obtained, focusing on 
the RMSE metric for all models used, with and without the application of 
the different preprocessing techniques. The predictions were evaluated 
at 1-, 5-, and 10-time steps to analyze the multi-horizon behavior of the 
models.

Complementary metrics RMSE, MAPE and R² are presented graphi
cally (Figs. 10–12) to offer a clearer visual understanding of the trade-off 
between predictive accuracy and model generalization. This structure 
provides both quantitative rigor and interpretative clarity.

We report only RMSE values in the tables because this metric pro
vides an absolute measure of forecast error that facilitates direct com
parison across models and preprocessing methods. In contrast, the 
complementary metrics R² and MAPE are included in the graphical 
analysis (Figs. 10, 11 and 12), as they provide additional insights into 
explanatory power and relative error magnitude, respectively, but are 
less convenient to synthesize in tabular form. This combined presenta
tion ensures both clarity and completeness in the evaluation of fore
casting performance.

These experimental results show that, in most of the analyzed cases, 
the incorporation of preprocessing significantly contributes to the sta
bility of the error metrics (MAPE, RMSE, and R²), especially in scenarios 
with longer prediction horizons. Only preprocessing with TF and W 
present a few cases in which they cannot outperform direct prediction. 
This behavior suggests that the applied preprocessing transformations 
(especially with EMD, VMD and EWT) allow the models to better cap
ture the underlying structure of the series, maintaining greater predic
tion accuracy.

In contrast, the direct approach, which does not include a prior 
transformation phase, performs notably poorly compared to models 
with preprocessing. This suggests that the model has difficulty capturing 
the internal time evolution of the forecasted time series. The model can 
only provide a rough estimation of the time series’ overall behavior, not 
a more detailed prediction. However, the models with preprocessing, 
except for TF and W, provide more accurate predictions that increase 
slightly as the time horizon increases, as can expected when forecasting 
farther time horizons. These findings reinforce the hypothesis that pre
processing is a key element in improving the quality and stability of 
multi-horizon forecasts in economic environments characterized by high 
complexity and nonlinearity.

The results presented in Tables 8, 9, and 10 show that the VMD and 
EMD decomposition techniques stand out for offering considerably 
lower error values compared to the other preprocessing methods and the 
option without preprocessing. One of them always provides the best 
performance. The EWT decomposition, although almost never can pro
vide the best performance, in all cases provides accurate predictions that 
outperform those of the models that are not the best. In almost all cases 
the EWT decomposition is the second in performance.

It is worth noting that the EMD technique achieves the best results 
among all the evaluated configurations for the CO2 emission allowance 
price series, with significantly greater accuracy than the other pre
processing models. This behavior could be explained by the specific 
characteristics of the series, which has a high data density and values 
close to zero, conditions under which EMD is especially effective in 
decomposing the signal into components that better preserve its original 
dynamics.

Figs. 10–12 illustrate the evolution of forecasting performance across 
the three-evaluation metrics (RMSE (a), MAPE (b), and R² (c)) and 
prediction horizons (1–10 steps). Each subplot corresponds to one of the 
neural network architectures MLP, LSTM, or BiLSTM while panel (d) 
provides the color coding used to distinguish preprocessing techniques. 
This visual framework facilitates the comparison of performance pat
terns among methods and models as forecasting horizons extend.

In Fig. 10, representing the EII electricity consumption data, all 
models display the expected gradual decline in accuracy with increasing 
forecast horizon. However, the direct approach suffers from the steepest 
deterioration, whereas preprocessing-based models maintain a notably 
smoother trajectory of error growth, indicating enhanced stability over 
time.

Among the preprocessing methods, VMD achieves the best balance 
between accuracy and stability, followed closely by EMD and EWT. 
These three adaptive decompositions consistently outperform both 
trend–fluctuation methods (TF and W) and the direct baseline. TF and 
W, while capable of minor smoothing effects, fail to produce sustained 
accuracy gains over longer horizons.

These differences in performance can be attributed to the nature of 
the preprocessing applied. EMD, EWT, and VMD share the characteristic 
of decomposing time series into intrinsically simpler or stationary 
components (IMFs in the case of EMD, modes in EWT and VMD), which 
facilitates learning by the neural model by reducing the structural 
complexity of the original signal. These techniques better capture the 
multiscale dynamics of nonlinear and nonstationary series, common in 
real-world data such as electricity consumption.

In summary, the EII dataset highlights the superiority of adaptive 
and data-driven decompositions over rigid filtering methods, particu
larly in signals combining periodicity and irregular fluctuations. This 
confirms that the model’s predictive stability is closely tied to the 
representational richness of the preprocessing stage.

As shown in Fig. 11, the NG series presents a more volatile and 
nonlinear pattern, which naturally amplifies forecast uncertainty at 
longer horizons. Despite this, the VMD-based models consistently ach
ieve the best overall accuracy (lowest RMSE and MAPE, highest R²) 
across all horizons. This result indicates that VMD’s frequency-centered 
decomposition is particularly effective at isolating oscillatory 
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components typical of commodity price dynamics.
Interestingly, the EMD and EWT methods also perform competi

tively, especially in the short- and mid-term horizons (1 to 5 steps), 
where they maintain comparable accuracy to VMD. However, their 
performance deteriorates slightly for 10-step forecasts, possibly due to 
mode mixing or loss of resolution in high-frequency components. While 
the temporary performance drop of the EMD method at intermediate 
horizons may be caused by the increased variability introduced by the 
decomposition, which can make multi-step forecasting more challenging 
for LSTM and BiLSTM models, it may subsequently allow for error 
stabilization.

This behaviour illustrates a general limitation of adaptive de
compositions: by separating intrinsic oscillations too finely, they may 
increase short-term instability, especially in models that rely on tem
poral recurrence. Nonetheless, these transient effects tend to smooth out 
at longer horizons, where the aggregated signal components improve 
robustness and long-term accuracy. Trend-based methods (TF and W), 
again, contribute minimal benefit and occasionally even increase pre
diction variance.

Overall, the NG series results confirm the robustness of adaptive 
preprocessing methods, particularly VMD, in stabilizing forecasts for 
volatile markets. They also highlight that the effectiveness of decom
position depends on both the signal’s spectral characteristics and the 
forecast horizon under consideration.

Finally, Fig. 12 presents the results for the CO₂ price series. In this 
case, the comparative analysis of preprocessing techniques reveals that 
both EMD and EWT consistently provide the best performance across the 
three neural network architectures, yielding the lowest error levels and 
highest stability in multi-horizon forecasting. In contrast, the baseline 
methods without preprocessing (direct and the two trend–fluctuation 
variants) clearly underperform, as they fail to capture the underlying 
oscillatory dynamics of the series.

The relative underperformance of VMD in this case suggests that it 
has difficulty dealing with the steep-rising trend at the end of the time 
series, which is mainly used for validation, as it does not consider the 
higher order modes (IMFs higher than 5) which account for the lower 
frequency of the original signal. Nonetheless, VMD remains consider
ably more effective than the non-adaptive approaches, maintaining a 
consistent level of precision even under high nonstationary.

Therefore, when computational efficiency or interpretability is 
prioritized, VMD represents a viable intermediate solution that balances 
adaptiveness with numerical stability, whereas EMD and EWT maximize 
performance in accuracy-critical contexts.

Collectively, these results confirm that preprocessing is not merely a 
complementary step but a fundamental component of the forecasting 
pipeline. Adaptive, data-driven decompositions (particularly EMD and 
EWT) consistently improve the representation of temporal structures, 
enabling neural models to preserve accuracy and reliability even at 
extended prediction horizons.

From an applied perspective, the choice of preprocessing method is 
not only a question of raw predictive accuracy but also of computational 
cost, robustness across datasets, and operational constraints. The timing 
analysis in Tables 4–7 shows that all adaptive decomposition methods 
introduce a non-negligible computational overhead during training 
when compared with the Direct approach or with simple trend–
fluctuation filtering (TF/W).

For example, training times for the LSTM increase from approxi
mately 1–2 s in the Direct case to 16–20 s when using VMD, EWT, or 
EMD. A similar pattern is observed for the MLP and BiLSTM. However, 
this additional cost is compensated by a marked reduction in forecast 
error at longer horizons, where Direct prediction tends to deteriorate 
sharply. In practical terms, this indicates that preprocessing is especially 
valuable in scenarios where forecast stability over multiple future steps 
is more critical than retraining speed.

Within the adaptive methods, our results suggest different usage 
profiles. EMD and EWT generally achieve the best absolute accuracy, 

particularly in the CO₂ allowance price series, where both methods 
capture slow-varying structure and localized oscillations more effec
tively than other techniques. For applications in which accuracy at 
longer horizons is the primary objective (e.g., regulatory planning, long- 
term procurement strategies), these methods are the preferred choice. 
VMD, on the other hand, offers a favorable trade-off between perfor
mance and computational demands.

Although VMD does not always reach the minimum RMSE achieved 
by EMD/EWT, it consistently ranks among the top methods in all 
datasets and exhibits particularly strong behavior in highly volatile 
conditions such as the natural gas price series. At the same time, VMD 
requires shorter training times than EMD in all three neural architec
tures, and its forecasts remain stable as the horizon increases. This 
makes VMD attractive in operational environments that require regular 
model updating under time or hardware constraints for example, short- 
term market monitoring or rolling intraday forecasts.

TF and W represent low-cost baselines: they are extremely fast to 
compute (their decomposition runs in milliseconds and adds only a 
modest increase in training time) but generally do not deliver the same 
multi-horizon stability as the adaptive methods. These approaches may 
still be useful in embedded or resource-limited scenarios in which 
models must be retrained very frequently and the acceptable forecast 
horizon is short (t + 1), but our results show that they are less reliable 
for longer-range projections.

Taken together, the comparative results provide a practical guideline 
for real-world implementation: EMD and EWT are recommended when 
achieving maximum long-horizon accuracy is the main priority and 
higher training costs are acceptable; VMD offers the best compromise 
between accuracy, robustness across diverse time series, and moderate 
computational demands; and TF/W or Direct approaches are best suited 
for contexts where computational efficiency or frequent retraining takes 
precedence over multi-step forecast stability. This interpretation con
nects the empirical evidence with specific operational scenarios and 
demonstrates how the proposed framework can effectively guide model 
selection in applied forecasting tasks.

Figs. 13–15 connect the preprocessing stage with forecasting per
formance. For the dataset EII, they compare the predicted trajectories 
obtained with each preprocessing method (TF, W, EMD, VMD, EWT) and 
each neural architecture (MLP, LSTM, BiLSTM) against the ground truth, 
for horizons t+ 1 and t+ 10. This side-by-side view illustrates how the 
choice of decomposition affects short- and long-horizon accuracy. Only 
the results for one time series (EII) are shown to avoid excessive figures. 
For clarity, only the last 100 predictions are shown.

As these figures show, all models can provide accurate predictions 
for the first-time horizon, as shown in figures (a). However, accuracy 
decreases for tenth future values, as shown in figures (b). While the 
Direct, TF, and W predictions lose accuracy over time, the EMD, VMD, 
and EWT predictions follow the time series’ evolution, providing reli
able, albeit slightly less accurate, predictions. This proves their robust
ness and reliability.

Overall, these findings confirm that the combination of adaptive 
preprocessing and neural networks constitutes a methodological 
advance that significantly improves the robustness and reliability of 
multi-horizon forecasting in economic environments characterized by 
volatility and nonlinear dynamics. Beyond their empirical relevance, the 
results contribute to clarifying the comparative advantages and trade- 
offs among different preprocessing techniques, offering practical 
guidelines for selecting the most appropriate strategy depending on the 
characteristics of the data under analysis.

6. Conclusions

Multi-horizon predictions continue to be one of the most relevant 
challenges in the field of time series forecasting using neural networks. 
Accurately anticipating multiple future steps based on previously pre
dicted data is a key strategic capability, especially in contexts where 
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anticipating critical events or planning ahead is essential. However, this 
approach still faces a significant limitation: the progressive degradation 
of accuracy as the time horizon expands. This loss is particularly sig
nificant when using autoregressive models, as the error tends to accu
mulate with each iteration. Furthermore, many of the techniques 
proposed to mitigate this problem involve significant computational 
complexity or significantly more sophisticated architecture.

This work explores an alternative based on traditional signal pre
processing techniques (TF, Wavelet, EMD, VMD, and EWT), with the aim 
of improving the stability and accuracy of multi-horizon predictions 
without substantially increasing the computational burden or model 
complexity. These techniques allow the original signal to be decom
posed into simpler components, facilitating the extraction of underlying 
patterns that might be difficult for the model to capture directly.

The results obtained confirm that appropriate preprocessing signif
icantly improves the performance of neural models, allowing the pre
diction horizon to be extended up to ten steps with a much smaller loss 
of accuracy than that obtained with the direct methodology. However, 
the benefits vary depending on the type of technique used.

Classical transformations such as trend–fluctuation decomposition, 
whether using moving average or wavelet-based noise rejection, proved 
insufficient to yield consistent improvements. This limitation can be 
attributed to their rigid filtering nature, which lacks adaptability to the 
intrinsic nonstationary and multiscale dynamics of real-world time 
series.

In contrast, adaptive decomposition methods EMD, VMD, and EWT 
demonstrated a superior ability to disentangle latent oscillatory patterns 
at distinct frequency bands, thereby facilitating more efficient learning 
by neural networks. Among these, VMD exhibited the most stable per
formance across prediction horizons, likely due to its controlled mode 
separation mechanism, which preserves frequency coherence and re
duces overfitting risk.

Conversely, the temporary performance degradation observed in 
EMD for intermediate horizons can be linked to the higher variability 
and mode mixing introduced by its fully data-driven nature, which may 
complicate temporal dependency learning in recurrent architectures 
such as LSTM and BiLSTM.

Within real-world financial applications, these findings are espe
cially relevant, since anticipating several future steps enables more ac
curate forecasting and improved risk management. However, the 
performance of the proposed methods still depends on the appropriate 

tuning of the decomposition parameters and the specific dynamics of 
each time series.

Nevertheless, it is important to note that these conclusions are based 
on experiments conducted in an offline environment using historical 
datasets. While the obtained results demonstrate strong potential for 
real-world use, applying the proposed framework in real-time fore
casting contexts would require additional validation to address chal
lenges such as continuous data inflow, model retraining frequency, and 
latency constraints. Future research will therefore focus on adapting and 
testing this framework under online and real-time conditions to assess its 
practical deployment capabilities.

As a future direction, it is also proposed to explore extending the 
prediction horizon beyond ten steps and to combine these preprocessing 
strategies with more advanced or hybrid neural architectures to opti
mize the balance between accuracy, stability, and computational cost.
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Appendix A. Mathematical Details

This appendix compiles the mathematical formulations included in Section 3, providing complete equations and explanatory context for each 
model and preprocessing method.

A.1 Multilayer Perceptron (MLP)
One of the most widely used models in the literature for time series prediction is the classical Multilayer Perceptron (Lazcano et al., 2024; Han 

et al., 2019; Göçken et al., 2016; Keles et al., 2016; Fan et al., 2015), which is probably the simplest commonly used neural model nowadays. Its lasting 
relevance stems from its capability to behave as a universal approximator (Hornik et al., 1989). Furthermore, the MLP’s relatively simple architecture 
facilitates programming (Zhang et al., 2022; Borghi et al., 2021), while still providing accurate and reliable results, as demonstrated by recent 
empirical studies (Madhusudhanan et al., 2024).

An MLP consists of several layers, each containing a variable number of neurons. These neurons act as the processing units. The input data are 
assumed as the input layer, which will be processed by a first hidden one that will pass the results to the following hidden layer. Although several 
hidden layers can be implemented in an MLP, often only one layer is sufficient to provide accurate predictions (Hornik et al., 1989). The network’s 
output will be given by an output layer following the last hidden one.

Each neuron processes the information it receives from the previous layer: 

xl
j = f

(
∑

i
wl

jix
l− 1
i + bj

)

. (A.1) 

In this expression xl
j represents the output of neuron j, located in layer l. This neuron processes the outputs of all neurons in the preceding layer, 

xl− 1
i , after multiplying them by a weigh matrix, wl

ji, that represents the strength of those connections. The result of this product, along with a bias term, 
bj, is then processed by an activation function, f(), that provides the neuron’s output. This function is typically a sigmoid, a hyperbolic tangent or a 
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rectified linear unit (ReLU) in the hidden layers. However, it used to be a linear one in the output layer. Due to the full interconnectivity of neurons 
between layers, they are usually referred to as dense layers (Wanchen et al., 2020), and neural networks with this structure are known as fully 
connected networks.

The capability of neural networks to mimic the behavior of a dynamic system arises from their capability to learn that behavior from data 
describing its evolution. To do so, however, they must first be trained. Therefore, the available dataset must be divided into two subsets: one for 
training and one for subsequent network validation.

The MLP is trained using an algorithm that seeks to minimize the prediction error. It is the well-known Backpropagation (Zhang et al., 2023), 
which, despite being originally developed for the MLP, has become the standard procedure for training several neural models. It works as follows. An 
input pattern (a set of past data in the context of time series forecasting) is presented to the network. The network processes this input pattern and 
provides an output (a prediction in time series forecasting). This output is then compared with a desired prediction (which has been previously 
associated with the input pattern) to obtain an error. The network parameters are then updated based on this error to minimize it by backpropagating 
the error from the output layer to the previous layers. This process repeats for each input pattern in the training dataset until a predefined minimum 
error is achieved or a certain number of iterations is reached.

A.2 Long short-term memory (LSTM)
The Long Short-Term Memory is a neural model designed to solve complex problems involving time-dependent data, such as natural language 

processing, speech processing, and machine translation tasks (Hochreiter & Schmidhuber, 1997). To do this, LSTMs incorporate an internal memory 
and recurrent feedback between neurons within the same layer to be able to capture long-term dependencies in the data. Thus, a complex inner 
structure must be defined for each neuron, which is why they are usually referred to as cells instead of neurons.

The structure of the typical LSTM cell is shown in Fig. A.1. The variables describing the cell’s time evolution are the inputs xt , the outputs yt, the 
memory states ct− 1 and ct , and the recurrent feedback connections yt− 1. Three control gates are also defined to control how these variables are 
combined and processed to provide the cell’s output: an input gate, a forget gate, and an output gate. These gates provide control signals obtained by 
processing the new inputs received by the cell, xt, together with the feedback from neurons in the same layer This feedback consists of the outputs of 
these neurons in the previous time step, yt− 1. The control signals are provided by functions with a form like that of the neuron of an MLP, Eq. (A.1), 
with the sigmoid as transfer function to give values in the range [0,1].

Fig. A.1. LSTM neural network.

The input gate determines the proportion of the new inputs, xt, and feedback, yt− 1, that should be added to the internal state of the cell, ct− 1. The 
forgetting gate controls how much of the stored information, ct− 1, should be forgotten, or retained. Finally, the output gate determines how much of 
the new internal state, ct, will be released as the cell’s output. The equations describing these three gates are: 

it = σ
(

Wi[yt− 1,xt ] + bi
)
, (A.2) 

ft = σ
(

Wf [yt− 1,xt ] + bf
)
, (A.3) 

ot = σ(Wo[yt− 1,xt ] + bo). (A.4) 

For clarity, in these equations, the new inputs and the pasts states of the cells in the same layers, feedback, are merged into a single vector, [yt− 1,xt ]. 
The parameters Wi, Wf , and Woare weight matrices, while bi, bf , and bo represent bias terms.

To produce a new output from the signals it receives, the cell works as follows. First, a new temporal internal state must be provided from the cell’s 
inputs: 

cʹ
t = tanh(Wc[yt− 1,xt ] + bc), (A.5) 

where Wc and bc are again the corresponding weight vector and bias, respectively. A hyperbolic tangent function is used to give values within the 
interval [− 1, 1].

Then, the cell’s internal state in time step t-1, ct− 1, is combined with the temporal internal state, cʹ
t, by means of the corresponding input and forget 

gates to obtain a new internal state: 

ct = ftct− 1 + itc
ʹ
t . (A.6) 
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Finally, the output of the cell is a fraction of the hyperbolic tangent of the new internal state, ct, as decided by the output gate: 

yt = ot tanh (ct). (A.7) 

Like other neural models, the LSTM must be trained before it can be used. This is done using a modified version of the backpropagation algorithm. 
This algorithm is modified to handle the internal memory and feedback between neurons in the same layer. Two different procedures are used to adjust 
all the parameters in each cell (Gers et al., 2000). The first, Truncated Backpropagation Through Time (BPTT), adjust the parameters of the output gate 
and the activation function by limiting the depth of the time steps considered, to manage computational complexity. The second, Real-Time Recurrent 
Learning (RTRL), optimizes the input gate, the forget gate, and the input activation function. RTRL is suited for updating parameters in recurrent 
connections in real-time conditions.

A.3 Bidirectional LSTM (BiLSTM)
The bidirectional LSTM is an extension of the LSTM model. It defines two parallel processing paths for data: one that processes the input sequence 

in chronological order and another that processes it in reverse. This structure is intended to identify deep, time-dependent relationships in data, 
thereby improving the LSTM’s forecasting capability.

Siami-Namini et al (2019) have argued for the advantages of adding layers to neural models, claiming that BiLSTM outperforms standard LSTM 
because of its bidirectional processing. BiLSTMs have been used to predict commercial time series and have reported improved performance (Kim & 
Moon, 2019).

Fig. A.2 shows how the BiLSTM works. For the sake of clarity, only three-time steps are presented. The network has two layers that process data in 
opposite directions to achieve simultaneous learning in different contexts. One layer processes information from left to right (forward time), and the 
other processes information from right to left (backward time). At time step t, the input xt enters both the forward and backward layers through weight 
matrices W1 and W3, respectively. Each layer receives its own previous internal state (cf

t− 1 for forward and cb
t+1 for backward) through matrices W2 

and W5. The combined result from both layers, yt , is computed using weight matrices W4 and W6.

Fig. A.2. BiLSTM neural network.

The equations that describe the network behavior are: 

cf
t = f

(
W1xt +W2cf

t− 1

)
, (A.8) 

cb
t = f

(
W3xt +W5cb

t+1
)
, (A.9) 

yt = g
(
W4cf

t +W6cb
t
)
. (A.10) 

In these equations f(⋅) and g(⋅) are saturating functions: sigmoid or hyperbolic tangent.
A.4 Data preprocessing
A.4.1 Trend decomposition
(Arianos & Carbone, 2007; Osborn, 1995) have proposed decomposing a time series into trend and fluctuations. This decomposition aims to 

facilitate independent predictions of both subseries. It was proven in Gonzalez-Romera et al (2006) that this results in greater accuracy because the 
forecasting models will better learn the behavior of each subseries. One of the most widely used tools for extracting the trend of a time series is the 
moving average. It replaces each datum with the average of N preceding data points and itself: 

T(t) =
1

N + 1
∑N

i=0
x(t − i), (A.11) 

In this expression x(t) is the original time series, and T(t) is the resulting trend series. The trend series loses the first N data points due to the way it is 
obtained.

The fluctuation series, F(t), is obtained by subtracting T(t) from x(t). These two series can be forecasted independently, and their predictions then 
added to obtain the forecast of the original time series. However, the first N elements are lost because of how the trend series was obtained.

A.4.2 Empirical model decomposition
The Empirical Model Decomposition algorithm decomposes the original time series into subseries with periodic behaviour, facilitating prediction 

(Ren et al., 2014).

A. Lazcano et al.                                                                                                                                                                                                                                Machine Learning with Applications 22 (2025) 100781 

19 



During the process of extracting the IMFs, they must meet two criteria to properly characterize the periodic components of the series: the difference 
between the number of zero-crossing points and the number of extremum points must be not greater than 1, and the average of the upper and lower 
envelopes, obtained by connecting the corresponding maximum and minimum points, must equal zero.

The IMFs and the residual are obtained by an iterative procedure that stops when no more IMFs can be obtained (Huang et al., 2008). 

1. Upper and lower envelopes are defined from the original time series x(t) by connecting its maxima u(t) and minima l(t).
2. The mean of the upper and lower envelopes is then obtained: 

m(t) =
u(t) + l(t)

2
. (A.12) 

3. An IMF candidate h(t) is obtained by subtracting m(t) from x(t): 

h(t) = − m(t). (A.13) 

4. If h(t) meets the two criteria for being an IMF, it is selected as the first IMF, c1(t), and the algorithm moves on to the next step. Otherwise, h(t) is 
considered a new time series, and it will be processed following steps 1 to 3 until an IMF is obtained.
5. A new series is defined by subtracting c1(t) from x(t), which will be subsequently processed following steps 1 to 4: 

fn(t) = x(t) − c1(t). (A.14) 

This process will be iterated until no new IMFs are obtained. Once the algorithm stops, the residual is obtained by subtracting the last IMF from the 
original time series: h(t) = r(t).

The algorithm uses two stopping conditions that prevent it from falling into an infinite loop. The first condition is evaluated at step 4 and is applied 
when the candidate IMF meets the IMF conditions, or its variance falls below a certain threshold. The second condition is evaluated at the final stage 
and is applied when the residual becomes a constant, exhibits a steady linear trend, or has only one extremum.

The original time series can be decomposed as the sum of the IMFs and the residual: 

x(t) =
∑

i
ci(t) + r(t). (A.15) 

The IMFs and the residual can be forecasted independently, and their predictions can be added together to obtain a prediction for the original time 
series.

A.4.3 Variational Mode Decomposition
The aim of the Variational Mode Decomposition (Dragomiretskiy & Zosso, 2013) is like that of the EMD, since it decomposes a time series x(t) into 

a set of subseries (modes) ui(t) with specific bandwidths that must be mostly compact around a central frequency ωi:
In this expression Ai(t) represents the amplitude and ϕi(t) the phase of the corresponding mode ui(t), which will be associated with a central 

frequency ωi(t): 

x(t) =
∑N

i=1
ui(t) =

∑N

i=1
Ai(t)cos (ϕi(t)) (A.16) 

The VMD algorithm seeks to define an ensemble of modes with the smallest possible bandwidth whose sum can accurately reproduce the original 
signal. This is an optimization problem that can be transformed into a variational problem: 

ωi(t) =
∂ϕi(t)

∂t
. (A.17) 

min
{ui},{wi}

{
∑

i
‖ ∂t

[(

δ(t) +
j

πt

)

∗ ui(t)
]

e− jωi t ‖

2

2

}

, (A.18) 

where δ(t) is de Dirac distribution function and * the convolution operator. The squared L2-norm is used. This is a constrained variational problem that 
can be converted into an unconstrained optimization problem, in which an augmented Lagrangian function including a quadratic penalty and 
Lagrange multipliers are defined: 

L ({ui}, {wi}, λ) = α
∑

i
‖∂t

[(

δ(t)+
j

πt

)

∗ ui(t)
]

e− jωi t‖
2
2 + ‖ x(t) −

∑

i
ui(t) ‖

2

2

+

〈

λ(t), f(t) −
∑

i
ui(t)

〉

. (A.19) 

The problem can be solved by identifying saddle points in this function. An iterative technique can be used to do this: the Alternating Direction 
Multiplier Method (Boyd et al., 2011). According to this algorithm, the modes and their corresponding central frequencies can be updated using the 
iterative expressions: 

un+1
i = arg min

ui

{

α ‖ ∂t

[(

δ(t)+
j

πt

)

∗ ui(t)
]

e− jωi t‖
2
2 +‖ x(t) −

∑

i
ui(t) +

λ(t)
2

‖

2

2

}

(A.20) 
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ωn+1
i = arg min

ωi

{
∑

i
‖ ∂t

[(

δ(t) +
j

πt

)

∗ ui(t)
]

e− jωi t ‖

2

2

}

. (A.21) 

A.4.4 Empirical wavelet transform
The Empirical Wavelet Transform (Gilles, 2013) performs a decomposition like those provided by the EMD and the VMD. However, it differs in that 

it operates on the Fourier spectrum of the time series to identify frequency peaks that will be associated with wavelets to make up a filter bank that can 
be subsequently used to carry out the decomposition process. The subseries produced by this filter bank define a compact support Fourier spectrum.

To build this filter bank, the Fourier spectrum is divided into N consecutive segments, which are limited to the [0, π] interval to guarantee that the 
Shannon criterium is accomplished. Each segment will be associated with a central frequency ωi and a width of 2τi, with τi = γωi and 0 < γ < 1.

Each element of the filter ban filter bank is defined by means of a set of empirical scaling functions φ̂n(ω) (low-pass filter) and empirical wavelets 
ψ̂ n(ω) (band-pass filters): 

φ̂n(ω) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 if |ω| ≤ (1 − γ)ωn

cos
[

π
2

β
(

1
2γωn

(|ω| − (1 − γ)ωn)

)]

if (1 − γ)ωn ≤ |ω| ≤ (1 + γ)ωn

0 otherwise

(A.22) 

ψ̂ n(ω) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if (1 + γ)ωn ≤ |ω| ≤ (1 − γ)ωn+1

cos
[

π
2

β
(

1
2γωn

(|ω| − (1 − γ)ωn+1)

)]

if (1 − γ)ωn+1 + 1 ≤ |ω| ≤ (1 + γ)ωn+1

sin
[

π
2

β
(

1
2γωn

(|ω| − (1 − γ)ωn)

)]

if (1 − γ)ωn ≤ |ω| ≤ (1 + γ)ωn

0 otherwise

(A.23) 

β(x) must be defined for each specific case, although it usually has the form: 

β(x) =

⎧
⎨

⎩

0 if x ≤ 0
x4 ( 35 − 84x + 70x2 − 20x3) if 0 < x < 1

1 if x ≥ 1
(A.24) 

To properly define the filter bank, each frequency peak identified in the Fourier spectrum will be associated with one of the previously defined N 
segments. However, since the number of peaks M and the number of segments N do not have to be the same, two cases may arise:

M ≥ N: only the first M-1 peaks will be considered (the first segment will be associated to ω = 0).
M < N: only M segments will be defined.
The EWT will decompose the signal (time series) x(t) into a set of empirical modes: 

x(t) = x0(t) +
∑N− 1

i=1
xi(t). (A.25) 

In this expression each mode xn(t) will be defined as: 

x0(t) = Wε
f (0, t) ∗ φ1(t), (A.26) 

xi(t) = Wε
f (i, t) ∗ ψ i(t), (A.27) 

where φ1(t) and ψ i(t) are wavelets in the time domain that corresponds to the scaling function and empirical wavelets φ̂n(ω) and ψ̂ n(ω), respectively, 
in the Fourier domain, while Wε

f (0, t) is the approximation coefficient associated with the lowest frequency, and Wε
f (i, t) is the detail coefficients 

associated with higher frequencies. The operator * defines the convolution of two functions. These coefficients are obtained as the inner products: 

Wε
f (0, t) = 〈x(t),φ1(t) 〉 =

∫

x(τ)φ1(τ − t)dτ = F
− 1
{x̂(ω) φ̂1(ω)}, (A.28) 

Wε
f (i, t) = 〈x(t),ψ i(t) 〉 =

∫

x(τ)ψ i(τ − t)dτ = F
− 1{x̂(ω) ψ̂ i(ω)}, (A.29) 

where the bar over a function stands for its complex conjugate and F − 1{} represents the inverse Fourier transform.
The EWT provides a segmentation in the frequency space, which allows for the definition of a filter bank, as mentioned above. In this way, if the 

coefficients Wε
f (i, t) are adjusted appropriately, different filters can be obtained and then used for signal filtering (Penedo et al., 2019). So, a low-pass 

filter can be designed to extract the trend of a time series by removing the higher frequencies, which are usually associated with noise due to their 
lower significance. This filter will behave like a noise rejection filter. Therefore, after performing the EWT process, modes xn(t) whose wavelet co
efficients Wε

f (i, t) are lower than a certain threshold can be removed. This provides an approximation of the original signal, Eq. (A.25), with only the 
elements, modes xn(t), associated with the lower frequencies. This approximation should define the series’ trend. Thus, a fluctuation time series can be 
obtained by subtracting it from the original series as it was done with the trend-fluctuation decomposition proposed above.
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