Nonlinear Optimization of a New Polynomial

Tyre Model

Alberto Lopez, José Luis Olazagoitia and Cristinarisino

Industrial Engineering Department. Universidad Amtode Nebrija C/Pirineos
55, 28040 — Madrid, (Spain)

email: alopezro@nebrija.e3el: 34-91 452 11 00, Fax: 34- 91 452 11 10

Antonio Ortiz.

Department of Mechanical Engineering, UniversityMilaga, Campus El Ejido,
Malaga, (Spain)C/ Doctor Ortiz Ramos s/n. Escuela de IngenieiGsnpus de
Teatinos, 29071 Malaga, (Spain).

ABSTRACT - Tyre behavior is strongly nonlinear. This artiplesents the validation of a new
polynomial tyre model with real test data, analgzihe convergence properties during the
optimization process to calculate the values ofpdm@meters. A multivariate model with 13
parameters is shown, including normal load and earahgle. The article reviews the methods of
getting polynomial approximations of the magic fotentyre model used to develop the new
polynomial model, the numerical optimization methecho calculate the parameters of the model
from real test data and it explains how the terfrth® Jacobian matrix are modified when we
impose constraints to the curve; this can be ugefuthprove the adjustment in some areas of the
curve. The convergence properties are shown botthéomagic formula tyre model and for this

polynomial tyre model.

The proposed model presents a fast convergencadrbotte and in 3 variables. This is an additional
advantage to its excellent analytical properties,rhodel is very easy to compute and can be easily

derived and integrated. It is very well adaptedréal time computing.

KEY WORDS: Polynomial tyre model, tyre model coefficientslmear
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1.- INTRODUCTION.

Tyre models are important to evaluate the behadisuch an important component
of a car. Those models calculate forces in thegyoeind contact. Probably the most
accurate and widely used by the community of autora@ngineers is the so called
Pacejka’s Magic formula tyre model [7], [8] and,[ee 2.1).

Due to the nonlinear behavior of the tyre, the mpation procedure required to
calculate the parameters of those models for aimapt adjustment to test data is
not a simple problem, because the forces in théacbepend on slip, slip angle,
normal load and camber angle; thus the mathemagicatlem is a nonlinear
multivariate optimization problem. The complexititbe mathematical formulation
of the model can influence both the easiness ofptimg the model and the
convergence properties during the nonlinear opatron process. The Pacejka’'s
magic formula tyre model uses a complex nestedsavi&angent function.

The authors of this paper have been looking fommgler expression quicker and
easier to process both during the optimizationdanthg the direct computing of the
model, more suitable for real time applications.

The new polynomial model presented and validatetthigarticle is obtained from
the magic formula expression, by using theory gfrapimation, expanding the
magic formula in series of Jacobi orthogonal poiyiads. In the followingsection
we summarize how that expansion was obtained.

This article validates the new model with real thsth and analyzes the convergence
properties of the model during the optimizationgaess, to calculate the values of the
parameters. A multivariate model is proposed indgdhe influence of camber
angle and normal load.

This work is integrated in a more general line egaarch, whose goal is to obtain
fast computing solutions of the vehicle nonlineguations, expanding them in
orthogonal polynomial series (Chebyshev and Jagolynomials). The application
Is saving computing time in pre-collision situasdor active safety devices, (see the
two PhD Thesis of the authors [1, 2], [3] and thpgrs of Amirouche [4] and Ferrara
[5, 6].



2.- THEORETICAL BACKGROUND.

2.1.- The magic formula tyre model.

The well-known tyre model proposed by Bakker, Nypand Pacejka [7], [8] and

[9], is a semi-empirical tyre model based on thagic” formula:

Y = D.sin[C.arctan(BX-E.[BX-arctan(BX)])]

This model is widely used and accepted by the coniiynof automotive engineers
and is also considered the most accurate. Forghabn we use it as the reference in
this paper.

The shape of the curve is controlled by four patanseB, C, D and E. The equation

can calculate the following:

. Lateral forces in a tyre, Fy, as a function of #fip angle of the tireq, (in
degrees)

. Braking force, Fx, as a function of longitudinapsK (%).

. Self-aligning torque, Mz, as a function of the slimgleo.

Figure 3 shows the aspect of this magic formulaehodthe case of a longitudinal
force.

B, C, D and E are constants that describe theniaitin of the curve at the origin
(BCD), the peak value (D), the curvature (E) arel basic form (C) for each case
(lateral, braking or self-aligning torque). In aftlgin, the curve can have vertical (Sv)
or horizontal (Sh) shifts at the origin. The fulipeession is:

Y=D.sin[C.arctan(B(X+Sh)-E.[B(X+Sh) -arctan(B(X+3}) + Sv

Coefficients B, D and E are functions of the vatioad in the tyre, Fz:

d=a.F?>+a,F,; B=BCD/Cd) ; E=ag.F2+a,.F, +ag;

a;.F? +a,.F .
BCD, =3235—_F142' BCD, =as.sin(a,(arctan(as.F)));
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BCD: is valid for the longitudinal force and the selifyaing torque with C=1.65 and
C=2.4, respectively.
BCD: is valid for the lateral force with C=1.3.
The Camber anghein the wheel modifies the shifts Sh and Sv andtiffmess BCD:
AS, =ag.y; AS, = (aoF; +a;,F,).y i AB=-a;,| Y| Big=  Fo

(1-ayly |
E: is the E value modified by the camber angle irse#€aligning torque calculation.
In the next two sections we explain how to obtapof/nomial approximations to

this magic formula model.

2.2.- Approximation of a function in Chebyshev seri es.

The Chebyshev polynomials, see [10], of the firshdk are defined by

T.(x) = cos[n arccos(x)] and are orthogonal regarding the functiggx) = @— X2)—1/2

in the interval[-11] .

To work in different &, intervals, shifted polynomials with the followindhange

must be used:
t =%[(b—a)x+a+b]-

Their general expression [11] is the following:
ntval - (n-m-1)!

/2]
W=7 2 (D m (n— 2m)!

n=123... ; To(x)=1

(Zx)n—Zm :

|n/2] is the highest whole numiem/2 . They fulfill the following recursive

property:
Tora(X) = 2XT,(X) - Ty1(X) 5 n=12...



Chebyshev polynomials can be computed and maneuulasing the MAPLE
Orthopoly library. The expansion of a function ihgbyshev series (ACh) has the
following form:

F(0= 3 8Ty (%)

n=0

The single comma in the summation indicates thafitst term must be divided by
2.
This expansion usually converges faster than theepseries and the coefficients

get the value:

a, = rij_llw(x). £(x) T, (X) dx

Where w(x) is the weight functiom(x) = (1— X2)—1/2 . If we truncate the series in

degree N, we get an approximation to the functibe,more accurate the higher N
is. Due to properties of Chebyshev polynomialsn¢ading in N-1 is the best N-1
degree polynomial approximation to the developna¢m degreern is the norm of

the function (7/2 for Chebyshev polynomials).

The coefficients gcan be assessed with the direct integration in ganations, but,

in general, this is not possible and the previaiiegral must be approximated by
some other quadrature formula. This research wa@k been implemented in
MAPLE, which uses quadrature algorithms, whichtfassalyse the singularities and
then use Clenshaw-Curtis quadrature [12], [13]th# result is not satisfactory,
Newton-Cotes adaptative formulae are used. All hsarried out at the Chebpade
function from MAPLE Numapprox library of approxinnan of functions.
Chebyshev-Padé functions obtain good approximatimmsnot those of minimum-
maximum error (known as minimax). To find the lgttee Remez algorithm [14] is
used, which fine-tunes the result by numeric iteret and converges to an improved

minimax approximation.

The Remez algorithm produces optimal results ataffroximation. This method

allows the calculation of minimum error of any giMenction f(t) weighted with any



weight term w(t). If W(t):l,{ f(t) | is used, the minimum relative error is obtained.

These methods are described in any good book capiiv@ximation theory [15].

In MAPLE, the Remez algorithm is implemented by mhi@imax function included
in the Numapprox library of approximation of furwis.
Next we introduce Jacobi polynomials because tmgoduce flexibility in the

approximation.

2.3. Expansion in series of Jacobi polynomials.

Within the families of classic orthogonal polynoisigenerated from the Sturm-
Liouville differential equation, from which Chebyshpolynomials also derive, we
consider now the Jacobi polynomials, see [16]. Bapolynomials can also be
computed and manipulated using the MAPLE Orthofiblary. The expansion of a
function in series of Jacobi polynomials uses @ldaweight function this time. The
integral must be programmed, a library for expamsiof functions in Jacobi series is
not available in MAPLE.

f)=> 2., (% ; a, :rij_llw(x).f(x) J.(x) dx
k=0 n

The Jacobi weight function in this type of orthogbpolynomials is the following:

This function is controlled by two parametérandy that allow choosing the area of
a best approximation at the orthogonality interiralpractice, this is very interesting
as it will allow us to improve the adjustment of #rror at any area of the longitudinal
force, lateral force, or self-aligning torque cwyeepending on the application in
which the approximation is used, for instance, ingleither for a more reduced error
in slip values close to zero, or in values closdgh® maximum stress, or in the
maximum slip point (100%), (see Figure 3).

The norm § in Jacobi polynomials is not constant but itlsa function ob ,y and

the degree of the n polynomial.



. 227 (n+5+1).T(n+y+1)
T onL@n+d+y+D).r(n+d+y+])

The recurrence relation seen for the Chebyshevnpahyals, now takes a more

general expression in the case of Jacobi polynemial
3 () =(@, +b,).37" () ¢, I (x5 n=12..
Where the recurrence coefficients are now:

a = (2n+1+0+ py)(2n+2+ S+ )
" 2(n+1)(n+1+J+y)

b, = (0° =y )(2n+1+5+y)
T 2An+D)(2n+ S+ Y)(n+1+ 5+ )

_ (n+d)(n+y)2n+2+3+y)
" (n+D(n+1+ 5+ p)(2n+F+y)




3.- THE NEW POLYNOMIAL TYRE MODEL.

3.1. - General description.

As a result of the expansion of the magic formnladries of Jacobi polynomials, the
authors obtained a very simple mathematical exjmess calculate longitudinal and
lateral forces in a tyre [17]:

X A (=) Ay (1)

Xx+h Xx+b x+b

F=A+A.

A simple degree N=3 polynomial in an easy ratidoattion x/(x+b).

- F: Can be lateral (Fy) or longitudinal (Fx) fortke expression is valid
for both. For self-aligning torque a degree 4 polynal should be used
to obtain good accuracy.

- X : Can be longitudinal slip (s) o slip angle)(according to what force
we are considering.

- Ai and b are the basic parameters of the modalalJgalues of b are

between 3 and 8; Values around 5 are very common.

This model shows excellent coincidence with thegioal magic formula, (the
maximum difference is lower than 1 % with N=3){lbfor Fx and Fy. Self-aligning
torque requires a degree 4 polynomial. The modekkaellent analytical properties,
it is possible to obtain the position of extremenps asymptotes, analytic derivatives
and integrals of this expression in an easy maftherlast is not possible in the
original magic formula). Finally, the main advargag the facility of processing (test
showed processing time 20 times faster than theiomfmgmula tyre model).
Obviously the inverse tangent nested functionshef magic formula are very

inefficient in terms of computation.

We have to calculate the term v =

X
b only once, including it then in the polynomial, for
+

more efficiency the Horner polynomial form can be used:

F=A+AV+ A2'V2+ A3.V3 = Ay + (A + (A, + AjV).V)V



The work [17] was based in previous papers of the authors, [18], [19].

In [17] we had published our theoretical polynomial formula, comparing it with the
mathematic expression of the Magic Formula, but without any validation with real test
data.

But in the present paper, we tackle the problem of nonlinear optimization, that is, how to
obtain the parameters of our model from test data and analyzing the convergence of our
model comparing it with the speed of convergence of the MF Tyre model (this had not been
analyzed in [17].

The approximate function proposed by the authorpr@sents a typical aspect like

the following:

Y axis rang

Fx, Fy
Max

Asymp. (F=/gtA1+Ax+A3)

Inflection Point

X axis
range

Min
25 50 75 100

Asymp (x=-b) Slip or slip angl

Figure 1. Curve of the proposed polynomial modatekal

or longitudinal force versus slipgénor slip.

In the horizontal axis the graph represents thgitadinal slip or the lateral slip. The
vertical axis shows the longitudinal force Fx oe thteral force Fy. The model is

valid for both, with different values of the paraers obviously.



The different curve branches are shown in Figur®ldviously, and regarding the

tyre model, only the branch from the minimum pamthe right is used.

In this useful area, the curve shows two local extde interval 0-100. A typical
maximum around x= 15 (for the longitudinal forcejdaa minimum close to the
origin. Depending on the values of the coefficiethgs minimum point could be in
any of the four quadrants. As it is a polynomiabafational function, this function
changes very quickly near the minimum; therefore,must be very careful in the
process of approximation to test data in ordereepkthe curve on the right of the

minimum value. We will see how to achieve thiséct®on 5.

Depending on the coefficients, the position of biotirection points allows a very
flexible adaptation to the curvature not only a #scending branch on the right of
the minimum, but also at the horizontal area orritiet of the maximum.

Obviously, the use of symmetry will allow symmetoc asymmetric branches
describing equal or different behaviors in tracofraking, or in asymmetric lateral

behavior on the right or left.

Both vertical and horizontal shifts of the magicnfiaila can evidently be applied in
a natural form (already integrated in the equatiself), but in a more flexible way

as an inflection point can be kept in the upwarelstisn of every branch when
working with two equations, one for each side & fymmetry, in case the tyre's
behavior requires it.

Let's see now the mathematical analysis of theecurv

3.2.- Function derivatives.

F=A+Au+Au+AU Where - X ;,-_b .  -2b
X+b (x+Db)? (x+b)®

F'=(A +2A,Uu+3.AU%)U
F'=(2.A,U+6.A.uu").u+(A +2.A,.u+3.A,.u%)u"
Fo=/A: Floz% ! F"o:bzz(Az‘A&)Uo ' U=

10



3.3.- Maximum and minimum values.

The position of the extrema in function of the dménts is easily calculated as

follows:

_—Azi\/m; _ bUmay

= X =
max 3A3 max 1- Upa )

u

— 2 3
I:max - AU + Al'umax + Az'umax + AS'umax

The positive value of the root corresponds to tioall minimum close to x=0 and

the negative one to the maximum close to x=15.

3.4.- Inflection points.

The position of the inflection points in functiohtbe polynomial coefficients is the

following:

F'=0=(2A, +6.A.U)U?+(A +2.Au+3.Au?)u" ;

b> ». —2b
(X+b)4 _(Al +2'A2'U+3'A8'u )'(X+b)3

(2.A, +6.A5.U).
R=—(A +2A, +3A;); S=b(3A;— A, —2A); T = b%(A, - A)); RX? +Sx+T =0

-S++4S% -4.RT

2.R

Xing =

The negative root corresponds to an inflection pplaced in the ascending section
on the right of the minimum, and the positive ooghe point on the right of the
maximum. R, S and T are intermediate auxiliaryalalgs used in order to simplify

the expressions, but without any conceptual interes

3.5.- Asymptotes.

The curve represents a vertical asymptote in xaebam horizontal asymptote on the

right of the origin in Xx=A+A1+A>+A3

11



3.6.- Symmetries and shifts.

The symmetric curve in the"®quadrant, which will be called F2, is obtained by
simply changing the sign of parameter b, making/(x=&). The symmetric curve in
the 3% quadrant is —F2 and the symmetric function in4Aequadrant is -F. If the
behavior of the tyre is symmetric, the same equdtoth the same coefficients) can
be used; if it is asymmetric, coefficients can barged.

The application of shifts Sx and Sy is also vergyea

Fshifted= F(x + SX + Sy

4.- GETTING COEFFICIENTS FROM TESTS.

4.1.- Introduction.

In [17] this polynomial formulation was achievearn the magic formula and the
approximation theory implemented on symbolic catioh programs, in particular

MAPLE. In this paper we validate the model witllrgest data, using a nonlinear
optimization method, in a multivariate domain, takinto account not only the slip
or slip angle, but camber angle and normal load too

At this point, we review the different methods gftimization present in the

bibliography and we explain the application to btith proposed new polynomial
model and the magic formula tyre model.

The main methods of nonlinear optimization usedhe approximation of tyre

models with test data, can be classified as follows

Newton’s methods

o Newton’s method
0 Gauss-Newton method and the Marquardt-Levenbeargnta
o Quasi-Newton methods

SQP methods

Iterative methods from the simplex method (Neldezalel)

Genetic algorithms

12



We describe now the functioning of those method$.oAthem have been
applied to the estimation of the parameters ofptesented polynomial tyre
model with good convergence results. They have lagugatied to the magic

formula tyre model too.

4.2.- The Newton’s Method.

The basic tenet of the Newton method for nonlineast-squares optimization is
the following [20]:

If we have a set of m test points,¥®, where, in general, ¥s the longitudinal or
lateral force related to slip or lateral slip, wihiwe also denote,xas the m=55 test
points that can be seen in the Figure 3agftion?.

The differences between the value predicted bynmael and that presented in the
test make up a residue vector(with a size of 55 in the proposed example) where

every residue has the form:
L=y —F =y —(A + Al + Au% + A’ Being  uExil(xi+b) |, with i=
1...m; (55 points in our example).

If B(B1...Ps)Iis the vector of the parameters of the mofglwhere (j=1,...,n) in
this case n=5, being in our particular mogei<Ao, p 2=A1,..., B 5=b), the sum of

the quadratic deviations will be a function pf

SB)=3 1) 2)

The Newton’s method starts from the Taylor serigsaasion of the function, for
simplicity, we assume that the function dependy a@m a unique paramet@rat

every point i:

(X, B1) = F(x. BX) + F'(xi,ﬂlkmﬁ%F"(xi,ﬂf).(AmZ ...

Being AB= (8, - 5X)

13



The Newton’s method establish that the functionchesa its extrema when its
derivative with respect tap =0 , that means:

F (%, B)+F"(x.8948=0

Being as, in our model, the vecfpcontains now several parameters, the previous
expression becomes:

G+H.AB=0
From the previous equation, we can obtain thedtépe parameter’s vector in every
iteration, the so called Newton'’s step.
AB=-H"G (3)
and calculate the value @ in the next iteration,

B(s+1) :ﬂs+Aﬁ

G is the gradient vector of B( whose terms are:

m .
G, =25
ERY

H is the Hessian matrix of S, obtained by diffgi&ing the terms of the gradient:

H-k :Zg ari ari i 62ri
: iz1\ 0B; 0B 0B;0B

This method and all its derived methods are iteeatand they need an initial value
of the parameters’ vector. The quality of the firegult will depend notably on the

goodness of this initial value.

4.3.- Gauss-Newton and Marquardt-Levenberg methods.

The Gauss-Newton method, approximates the Hessadnxpmeglecting the second

term of the previous equation as follows.

14



m . ari
H ik = 221\]” "]ik ) J” =
i=

Jj Is the Jacobian matrix which contains the padglvatives of the vector of
residuals with respect of the parameters of theahdidwe write G and H in

matrix notation we obtain:

G=2JTr; H=2TJ,;G+HAB=3] r+J37.3,A8=0; 37 .3, AB=-3]r

In every iteration, the new value of the paramétastor is the following:
AB=-(3].3,)1 r; BV =49-3]3, )]s (4)

In the most basic tyre polynomial model, which ud#s initially 5 parameters, the
Jacobian matrix is a (NPt x 5) matrix, being NRt ttumber of data points (see the
data vector in the example gfction5). For this tyre model, the rows in this Jacobian

matrix have the following shape:

0A, 0A, ' 0A, ' oA, '
o, 1

L= = (Au +2AU°+3.A.U°
ab (Xi+b)A1 i 2 M 3

The Jacobian Matrix terms in the Magic formula tiee following:

ari _ 1 ari_ . (V) ari_ d ([/) " (W)
3s, i 5g = —sintV 'GC_[ .cos(Vi)].arctan(W;

or; Or; oV, oW,

= = [—d.cos(Vi)]. [L]

+S E( +S Xt Sh )
9B~ 9V, 0w, 0B Trwez| FtSh—ElxitS,

"1+ B2.(x; + Sp)?

o, ar, ov, aw,

— [—d.cos(Vi)]. [

3E - 6_Vla_Wl 3E [-B(x; + Sp) + arctan(B. (x; + Sh)) 1;

1+W%]'

ar, _ar, ov, aw,

3s, = a_Vla_I/Vl E)_Sh [—d. cos(Vi)]. [

c B
1+W§] '[B_E(B_1+BZ.(xi+5h)2>] ’
Being:
W; = B(x; + Sp) — E.[B(x; + S,) — arctan(B(x; + 5,))]  and V; = C.arctan (W;)

If convergence problems appear, there are sevathlads which modify the Gauss-
Newton method. The first and most simple methodsistrof reducing the length of

15



the step of the parameters’ vectdt, by multiplying it by a constané: lower than
1.

B =B -a (373, ) 3]

In this manner, we can solve situations in whible, step of the parameters’ vector
AP points to the right direction (which reduces thdiion of quadratic deviations),

but it's too long.

The second method is the so called Marquardt-Lestgnimethod, [21], in which, the

stepAp is modified by adding the terimD, whereD is a positive diagonal matrix

and) is the so called Marquardt’s parameter. It's alsibed the trust region method.
The addition of this term, rotates the vecafr towards the maximum descending
slope.

BV = B9 -7, +AD) I

In point 7, we will see the convergence of the Galiewton method in our tyre
example, which is very fast. The convergence ofraodel is compared with the

convergence of the magic formula tyre model.

4.4.- Quasi—Newton methods.

According to [22], in order to estimate the paranetof the magic formula tyre
model, the research team of the TNO (the reseagdnation at the Netherlands),
used the so called quasi-Newton method [23] an}] {@plemented by the EO4FDF
subroutine of the NAG (Numerical Analysis Group) 5]2 (see

http://www.nag.co.uR/ This method is similar to the Gauss-Newton rodfhout its

application is not specific for least-squares peaid, but its application field is

wider, actually it can be used to optimize any fiorc

The family of quasi-Newton methods, avoid the isw@n of the Hessian matriid

in equation 2, by calculating directly the inveos@ pseudo-Hessian matix which

is obtained by successive approximations of tlaeligntG in a generalization of
the secant method to the multivariate domain. is Way, these methods improve

the computational efficiency of the whole calcwati In order to estimate the

16



pseudo-HessiaB, different iterative algorithms have been useduralished along
the historyDFP (Davidon-Fletcher-Powell), [26], [27BFGS (Broyden-Fletcher-
Goldfarb-Shanno), see [2BR1 Symmetric Rank 1), see [28] and [20] and the class
of Broyden methods, see [29], [30] and [20]. All of them tise Sherman-Morrison

formula to invert the pseudo-Hessian maBipsee [20].

4.5.- The sequential quadratic programing (SQP) met  hod.

SQP method [31], poses the general problem of neali optimization for a given
target function J) of a parameters’ vectd, but now with a set of constraint
equationsG(p)>0, which can be both equality or inequality funoBoof the

parameters’ vector too.

G(B) = (G1().....Gm(B))

SQP is an iterative method, and it models the neali problem for a given iteration
by a Quadratic Programming (QP) sub-problem, sollias QP sub-problem, and
then uses the solution to find a new parameteictov@ 3.

To find the solution, SQP uses the Lagrangian fondhat combines the objective
function S@) and the constraints fB)(properly. The Lagrangian function of our
problem is the following:

L(B, u) = SB) - u G(B)

Whereu is the vector of Langrange’s multipliers of thenhioear problem. SQP
replaces the objective functionp$py its local quadratic approximation, expanding
it in a Taylor series and the constraint functiG{p) are replaced by their local linear
approximations. This construction is done in sa@bay that the algorithm sequence
converges to a local minimum. Modern optimizati@xtbooks have chapters
devoted to SQP methods, see [31].

4.6.- The Nelder-Mead method.

This method was proposed by [32], see also [33]] §d [35], and it allows to

minimize a target function in a multidimensionalasp. The method uses the

17



“simplex” concept which uses elements of N+1 vedidn a N dimensional space.
In a one-dimensional space, the simplex elemejuisisa line. In a bi-dimensional
one, the simplex element is a triangle, in a trehsional space, the element is a

tetrahedron and so on.

The algorithm generates a new test position byapriating the behavior of the

target function in every vertex of the simplex. @rii¢hese vertices, is replaced with
a new point and it progresses in this way. Theasastep is to replace the worst point
with a new one obtained by reflecting it acrossdetroid of the N remaining points.

If this new point is better than the best of a## tturrent points, we can try to extend
outwards the simplex element along this line. # tiew point is not better than the
previous one, it will probably be in a valley aezal we should compress the simplex
towards a better point. It is known that the metbad converge at non stationary

points. This method in implemented in fin@nsearchlibrary of MATLAB.

4.7.- Genetic algorithms.

Recently, the group of the Department of Mechartigajineering of the University
of Malaga (IMMA) has developed a new optimizatiorethod to calculate the
coefficients of the magic formula tyre model, sé&][and [37]. They propose the use
of genetic algorithms, which work with high accuyrand efficiency, avoiding the
use of initial values for the parameters. Genetgordghms’ techniques were
presented initially by [38] and [39]. The IMMA apgdl them to tyre models first.

An interesting hybrid approach ca be found in @it combines genetic algorithms

with classic gradient search methods applied tdirpatametric nonlinear systems.

Several authors who have worked in nonlinear malliate optimization in tyre
models agree that when using Newton, Gauss-Newjaasi-Newton and Nelder-
Mead methods, the selection of an adequate ipitiedt of the parameters’ vector is
an important issue for the quality of the finalwan, and minor variations in this
initial point can produce different final resultge for example [36],[37], [22] and
[20].

The reason for this is the nonlinear conditionhef problem and the subsequent need

for an iterative method with an initial point.

18



During this research work we have programmed tysdets optimizations (by hand,
writing the code in a low level software) using Nem, Gauss-Newton and
Marquardt-Levenberg methods, both for the Polynbamd Magic Formula models,
with and without constraints. We also have used livaries of MAPLE and
MATLAB which combine Nelder-Mead and Quasi-Newtorethods with the
previous ones, and the results are always cointigncould observe many times
this problem, in certain combination of the parasrgta slight change in the initial
point can yield different results.

It is very difficult to give a general rule of whélme optimization will not converge.
A first factor is how big are the residues, thathisw far from the final curve is the
initial values curve. But this is not the only faGtthe shape of the initial values curve
also can influence the possibility of convergerineaddition, the final result of the
optimization can be apparently good, but actudlgould be a local minimum, and
we could find a near combination of parameters \iltter optimization results (a
lower sum of quadratic deviations) if we start wdlferent initial values. Most
optimization methods find local minima. Those pesbt are bigger when the
number of parameters and the number of variab@sases, because the number of
possible combinations of data is bigger and wedduld minima very close. As
usual, a good knowledge of the physical fenomenthmtyre behavior in this case)

and the previous experience in optimization of Entyres can help a lot.

Therefore, this is not a well solved problem oleasst not in a fully automatic way.

From this point of view, the genetic algorithms hwuet, whose approach is
probabilistic, non-deterministic and very differdrdm the rest, is very interesting

because it doesn’t need an initial point.

Added to the previous methods, we can mention tok\wf [41] and [42] who
estimates the values of the Pacejka’s magic forriyséamodel, using the so called
TS (Two Stage) technique and compares it with giffiemethods of observation and
parameters estimation based on Kalman filters,gudata obtained along the life
time of the vehicle.
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If we want to obtain a fast convergence in theroation algorithms, the initial
point should not be far from the optimum. The fs&p in a nonlinear optimization
process is the search of a reasonably good imbait. We can use the previous

results of a different tyre under similar load cibioths to obtain this initial point.

5.- OPTIMIZATION WITH CONSTRAINTS TO THE
MODEL COEFFICIENTS.

Sometimes it may be necessary to obtain the optintumve under certain
constraints, because we are more confident in gims of the test than in others
or because we want to equate the value of the conibe value of its derivatives,
at both sides of the origin, or because we wagiue a fixed value to the derivative
at the origin. If we have equality constraints,ict and effective technique is to
include the constraints in the original equatiorfobe starting the optimization
process, as we show below, instead of formulatiing constraint equations added,

and using SQP algorithms, perhaps more adequatesipuality constraints.

If no constraints are imposed, the optimizationoatgms will calculate the
coefficients so that the value of the sum of thadyatic deviations is the minimum.
As constraints are imposed, the quadratic deviatitiroe bigger and bigger, but the
curve will comply those constraints. As our modas B basic coefficients, in theory
we could impose up to 5 constraints, although wetralways keep in mind that the
less constraints we impose, the better the adjudtofethe test data and the lesser
the sum of the quadratic deviations will be.

Let's see now some typical constraint examplesofAthem have been tested both
with our polynomial tyre model and with the magaerhula tyre model. We have
obtained a fast convergence and moderate variatbnhe sum of quadratic

deviations.

R1.- The curve passes exactly through point (xp, yp
Yp=AotA1LUp+A2.U>+Az.Us°  ; being  pF Xo/(Xp+b)

The resulting equation is the following:
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i=Yi- B=V¥i-Yp + ( ALUptA2.Up?+Asz.Up® ) — ( AnUi+Az.U+As.Ud)

The terms of the Jacobian matrix for our tyre mpded modified as follows:

al’i _ o al’i — 12 _12; ari — 3 _,3

oA, P g, T T G T T
al‘i 1 2 3 1 2 3
—1 = U +2.A.U° +3.AU" |— . +2.A. +3.A,.
3 (xi+b)A1u' 2.A,.U; 3A3u,] (xp+b)[Alup 2A2Up 3A3up

This constraint calculates the optimal value ofdbefficients so that the curve passes
through a given point, for example, the end pa@ntl00), or through the first data of
the series at Fx=0, which can be very reliable ffata the test perspective: those
two points can have a better measurement relialihién the points between the

maximum value and the full slip point (s=100%).

It can also be interesting that the curve passastigxthrough the maximum test
point. Generally, these three situations generataall increase at the quadratic sum

and adjust the curve at those points accurately.

Nevertheless, if the chosen point is the maximue (@max, ymax), this constraint
does not guarantee ymax to be the curve maximuoeyas it could have an anterior
or posterior maximum.

The curve can be forced to pass exactly througb Bppoints, as it has 5 coefficients.

Particularly, the curve can be forced to pass ftiino(D,fy). Naturally, combined
constraints can be imposed, so that they can pemsgh (xp,yp) and (0,fy). This is

a combination of the two previous ones.

R2.- The curve takes F=ymax as maximum value (evefit does not pass
through xmax exactly).

A A 3AA,.

max — 3A3

u

— — 2 3
I:max - Ymax - AO + Al'umax + AZ'umax + AS'umax
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The resulting equation will be the following:

2 3 2 3
=Yy~ I:i =Yi 7 Ymax +(A1-umax + Az-umax + AS-umax )_(Al-ui + Az-ui + AS-ui )
Let:

K = A2 =3.ALA; = = Ay =B Aglpg i O =1, =

umax

Ay + 2.8 Unay +3Ag.UG 0

auma)(:u| — 1 ;u, :_k_Az;u, — Al +A2+k
OA MaXAT 2Kk MFAT 3 KA, maA T 2kAy 3.A2

L=y = (A +2.AU; +3Aq.U7) Ui o= =X

The terms of the Jacobian matrix will be:

o, =u u +r' u' il =u? u? +r' u'

aAl max i Lu,, "~ max,A 0A2 max i Lu. Y max,A
Mo —wd+r, w SRAY
0A3 max i iu,. " max,A, ab iu "~ ib

R3.- The curve reaches its maximum value at xmax\en if it does not take

value ymax)

The resulting equation will be the following=yi - F = i -(Ac+A1.Ui+A2.U?+A3.U°)
;b= - (2.2+A1+3.A3)/(A2+A1+K) ; u = X/(Xi+b)

U _ . m2-3(2A + A +3.A).(-2k +3.A)
oA, B 2(Aps A+ K).K
oui _ _(FA +H3A) K+ (B.A5 + AY) AL+ ALA,
oA, A (A, + A+ K).K
ou 3 328+ A +3.A).A

oA, T TR AAYK (A4 A +K)EK

The terms of the Jacobian matrix will be:
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or, - or; .
L= _1  — L = _Ui _(Al + 2.A2.ui + 3.A3.uiu).u'iA1’

oA, 0A
o - _Ui2 — (A +2.AU; + 3.A3.ui2).U'i ;
A, .
o _ —ud = (A +2.A,.u; +3.A5.Uu7).U
A, .

R4.- The inflection point is located at the origin.

The inflection point is at the pointinx
The condition of the inflection point at the origin

(FO"=0); Ay = A;F = Ag + ALu(1+u)+ Agug
The terms of the Jacobian matrix this time will be:

al’i 3 - ari _ + 2 Xi
=—-y°r—= 2.A .U, +3.A3.U' —_—
u; ab A“_I_ AI. i i ](Xi + b)2

ari = —1; ari = —ui.(_’]_+ ui); —1
0A 0A 0A
R5.- The slope at a given pointxtakes a given value y
Y p=(A1+ 2.A0.Up + 3.Ac.Up? ).y’ ; Up=Xp/(Xp+D) ; W'=b/(Xp+b)? ;
A1 = (Yp/U'p) - 2.A0.Up- 3.Ac.Ug?

i=yi- B=yi- (Aot [(Y plU'p) - 2.A2.Up- 3.As.p? ] . U+ Aol + Az.ui®)

or: y' .U . ou' X, —b . or . 0u - X
a |I = lpzl ] abp = p 31 aul :(2.A2 +6.A3.Up).ui’ abp = p 2
Up U, (Xp +b) p (Xp +D)
o Yo op +3.A3.U3 - 2.A,.U; — 3.A3.U% M =%
The terms of the Jacobian matrix this time are:
o _ ;0 = 2u,.U; —uf or =3.u.u —u
oA, A, 0A,
dr, _ dr, ou'p Lo ou, Lo ou,
db 6u'p' db 6up' ob du, b
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Particular case: the slope at the origin takes a gen value.

F'o=A1/b ; Inthis case, the equation is F=B.Fo.u+Ax.?+As.u° . The terms of

the Jacobian matrix are slightly modified:

o _—Fox  bFox | 2.A,.x? .\ 3.A:.%3
ob (X +b) (x +b)? (x +b)® (x +b)*

The rest of the terms, remain equal than in theggu without constraints, except

A1 that disappears.

We could use this constraint to force the slopatorigin, to take the same value

BCD of the magic formula tyre model.

A combination could be imposed, so that the initetpoint is at the origin and also
at F'0 takes a given value.

As a final consideration related to the constramposition, it must be stated that
optimization algorithms converge when the imposedstraints make sense. If
conditions are imposed to the curve that are fanfthe initial ones with the result

of very distorted curve shapes, no final solutial e achieved.

6.- STABILITY OF THE POLYNOMIAL AT THE
ORIGIN.

The main drawback of using polynomials, especiedlyjonal polynomials, is their
trend to oscillation, in other words, their possilvistability. If the distribution of real
points shows an inflection point at the rise, tblypomial with the best interpolation
by least-squares can have its minimum in the fustdrant (see Figure 1) between

two test points, something definitely unwanted (Siggire 2).
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Figure 2. Oscillation at the origin.

To avoid it, we have to impose the constraint given value of the derivative at the
origin, Ai=F’o.b. Focan be estimated by means of a parabolic regrefsionthe 4
first points and calculating the derivative of therabola at the origin. This increases
slightly the addition of quadratic deviations, usolves in a simple manner the
problem because it moves the minimum point to ediht quadrant and stabilizes
the curve in the first quadrant. The correct vati€’0, may also be calculated by
imposing the same value of the function, andetsvative, at both sides of the origin
if we have data of forces in both sides. Figusb@&ws the solution in the multivariate
case too.

/.- RESULTS OF THE MODEL WITH REAL TESTS
AND ACCURACY.

In [11], the adjustment of the proposed polynomialdel was compared with the
magic formula model in relation to both the londinal and lateral forces for
different normal load values, and it could be st the deviations regarding that
model were always very low, keeping a relative gdielow 1%.

Now, we analyze the optimization to real test datdthe adjustment to a theoretical
model. The results in real tests present the typnsdability of the tyre material
inequalities, the instruments measurement uncéytaimd the difficulty to stabilize
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the longitudinal or lateral slip at some areas loé ttcurve. For this reason,
mathematical models are exactly that, models asljust each type of tyre, but the
resulting points always present the variability gfpe of tests, so that individual
deviations may be produced at some point.

Next, some modelling results from tests on a rgal are presented, showing the test
points, the polynomial modelling proposed in thiscée and its comparison with the

magic formula model.

Longitudinal force.

data=[[0,276],[1,824],[2,1742],[3,2930],[4,4146]4813],[6,5244],[7,5492],[8,5693],[9,5844],
[10,5987],[11,6097],[12,6155],[13,6193],[14,6226F[6253],[16,6269],[17,6277],[18,6269],
[19,6243],[20,6226],[21,6202],[22,6171],[23,61521[6125],[25,6101],[26,6072],[27,6048],
[28,6017],[29,5978],[30,5944],[31,5918],[32,588 3B[5860],[34,5831],[35,5797],[36,5768],
[37,5723],[38,5691],[39,5662],[40,5633],[41,5594F[5506],[50,5404],[55,5261],[60,5186],
[65,5115],[70,5028],[75,4999],[80,4954],[85,4929P[4915],[95,4882],[99,4827],[100,4796]]:

These are data from real longitudinal force testa d75/70 R13 tyre. Normal load

= 6 kN. Camber angle = 0 and pure slip conditions.

In our model, we adjust the slope at the origithevalue 408 which is the value for
the slope at the origin in a parabolic interpolatad the 4 first points. The obtained

result in the optimization is the following:

Fx =-6.33 + 2199.78.u + 28102.83F.126462.59 . Y; being u=s/(s+5.391)

The adjustment to the magic formula is the follagvin
fy=2035.56; fx=-2.055 ; B=0.13915 ; d=4226.8E=0,7019 ; C=1,766

Fx = 4226.87*sin(1.766*arctan(0.13915*(x-2.055).7@9*(0.13915*(x-2.055) -
arctan(0.13915*(x-2.055))))) + 2035.56

Let see now the convergence of both models usim@stuss-Newton’s Method for
our example tyre with the previous data.

In Table 1, we show the calculation of the paransefer the longitudinal braking
force Fx.
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A0 Al A2 A3 b
Initial value 0 100( 4500( -4000( 5.5
Stey
1st -8.06629| 2212.796¢ 28016.681 -26384.933 5.42352
ond -6.91953| 2198.96% 28104.114 -26461.147 5.38962
3 -6.29362| 2199.826 2810.728 -26462.611 5.39173
4th -6.33480| 2199.777 28102.837 -26462.591 5.39161
5th -6.33248| 2199.781 28102.831 -26462.592 5.39(162
Final value | -6-33261| 2199.781 28102.831 -26462.592 5.39162

Table 1: Convergence of the polynomial tyre modebmeters.

The magic formula model also converges using thes&&lewton’s method, but
very much slowly and the use of a step’s redudi@mtor a = 1/5 in this case for a

correct convergence. Anyway, the time of computsngery reduced.

d C B E fx
Initial value 600( 1.t 0.1 0.t 0 0
Steg
1st 5391.7630 | 1.5562! | 0.1065: | 0.5774¢ | 629.0501 | -0.6877(
2nd 5095.266: | 1.5942: | 0.1119! | 0.6085¢ | 952.1954" | -1.0337!
5th 4649.9092 | 1.6687: | 0.1235( | 0.6486" | 1481.0071 | -1.5559¢
10t 4380.6161 | 1.7301( | 0.1327¢ | 0.6796: | 1834.5528 | -1.8748!
25t 4237.1161 | 1.7646¢ | 0.1387( | 0.7005( | 2023.8121 | -2.0438
50tk 4226.9986 | 1.7662: | 0.1391: | 0.7019: | 2035.4395 | -2.0554.
75tF 4226.8797 | 1.7662! | 0.1391! | 0.7019! | 2035.5603 | -2.0555!
100tr 4226.8784 | 1.7662! | 0.1391! | 0.7019! | 2035.5616 | -2.0555!
Final Value | 4226.8784 | 1.7662' | 0.1391! | 0.7019! | 2035.5616 | -2.0555!

Table 2: Convergence of the magic formula tyre rhpdeameters.

Then, we show the curves with the results. Firstly can see the longitudinal force;
in Figure 3 we present the test points, and theesuof our polynomial model (dotted
thick line) and the magic formula tyre model (thime). Both models approximate

the test points quite well.
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Figure 3. Longitudinal force (N) interpolation.

If we analyze the deviations in Figure 4, we casenbe that our polynomial model

(circles) presents a better adjustment in the ligla of the curve and in the final
part, with moderate, medium and high values of. $f@cejka’s magic formula tyre
model (cross marks) presents a better adjustmehtirirst points of the test. The

behavior of the polynomial tyre model is especialycurate in the area of the

maximum value of the curve.

Fx. Longitudinal forc
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g +
aq+* . .
200 Longitudinal
= slip (%)
100
I v a0 75 3 o0
D_ L g M| PR N T R TR RN 4 T |1E
3 o X B
1 gf@” L
oo T T
P * o0 Polynomial tyre model
J+ + Magic formula tyre mod
300

Figure 4. Absolute deviations (N). Longitudinalder
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Lateral Force

Data test for the same previous tyre are the foligw

Slip Angle =-15 .. 15 (In this test we haveemkhe right hand side of the file
from 0 to 15° (0,262 rad)

Camber Angle = 0°. Normal load Fz = 6 kN. Purteta Force Fy is measured.

Data =[[0,-98], [0.004,108], [0.009,253], [0.013(8 [0.017,700], [0.022,912], [0.026,1094],
[0.031,1275],[0.035,1441], [0.039,1641], [0.0420B [0.048,1984], [0.052,2163],[0.057,2357],
[0.061,2531], [0.065,2675], [0.07,2823], [0.074@R [0.079,3108],[0.083,3251], [0.087,3373],
[0.092,3500], [0.096,3603], [0.1,3694],  [0.10898], [0.109,3877], [0.113,3957], [0.118,4031],
[0.122,4097], [0.127,4159],[0.131,4203], [0.135,8R5[0.14,4293], [0.144,4329], [0.148,4366],
[0.153,4411], [0.157,4438], [0.161,4475], [0.16@8h [0.17,4527], [0.174,4566], [0.192,4646],
[0.209,4725], [0.227,4780], [0.244,4773], [0.26752]:

5000 Fy Magic formuli
4500 -~ G

<

Polynomial
tyre model

500 — «
ol 2 4 6 8 10 12 14
1 | - 1 I | - | 1 T T T J
fé‘ Slip angle °
y

Figure 5. Lateral Force (N). Interpolation.

The curves show a good adjustment to data testditr models. In the polynomial
model we haven’t imposed constraints. If we loothatdeviations, we can appreciate
a slightly better result of the polynomial modedpecially in the starting and final

areas.
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Figure 6. Absolute deviations (N). Lateral force.

8.- MULTIVARIATE ANALYSIS.

The main variables influencing the behavior ofre gre, typically normal load (Fz),
camber angle ganand of course longitudinal slip or slip angle. Weave a set of m
=m . m . ne test points in the variables x, Fz ardlaeing x longitudinal slip or
slip angle. Every test point is a vector of 4 elatag)x , Fi , ai, yi). From the
observation of the cloud of test points, we builchadel in which the normal load
and camber influence the peak value and the shagierfb; in the multivariate

domain we’ll denote it as B*.

X A A )

X+ B*(Fz,ac) X+ B*(Fz,ac)

F (X F,a)=F (F,a).(Ay+A.—
x%Fzac) = F (Fza0). (A A1X+B(Fz,ac)

F*(F,ac) = F(F,).F,(a;) i B’(F,,ac) = B,(Fz).B,(ac) (5)

Initially we assume a parabolic model for everytdaof influence. After an analysis,
we could simplify the models of:Fand B to linear, we make the mathematic
development with degree 2. We have to avoid redunydaf parameters in the
possible independent termdo (@and e, bo andgo), with the A terms because the
optimization algorithms cannot converge if the pagters are redundant, for that

reason, we propose finally the following models:
F,(Fz)=1+d,.F,+d,.F?; F,(a,)=1+¢.a, +e,.a’;

Bi(F,)=1+Db.F, + bz-Fzz; Bo(ac) = go + gr.ac + gz-ac2§
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The whole model includes 13 parameters.

There is not a theoretical limit in the number afigbles and parameters. The limit
can be imposed by the computation times and thielgmoof finding a good initial

point with a big number of variables and parameters

The residuals’ vector in this caseris= yi - F,"; with i=1..m; (495 test points in our

tyre example).We will have 55 points in each of 3walues of normal load (2 kN,
4 KN y 6 kN) and in each of the 3 values of canarggle (-5°, 0°y 5°). In total, m =
55.3.3= 495. The parameters’ vector will have 1&vants: B (B 1, .p 13). The
addition of quadratic deviations f§( will have the same expression, (2) but now
m=495.

The expressions of the Gradient, Jacobian matmikHessian matrix, are the same
too (but now with j=13 parameters and m=495 poir8s)expression (4) is the same.
All methods described isection3 are valid.

Then, we present the results obtained with the saample tyre. Longitudinal force
in pure slip conditions is presented with valuespfequal to 2 kN, 4kN and 6 kN
and camber angles of -5°, 0° y 5°.
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Figure 7- Longitudinal Force (N), in pure slip conditionsrses slip. Multivariate mode

The obtained values of the parameters are thexfwitp

Ao =4.672; A=-11.387, A= 322.675; A=-277.546;
b1 =-0.2928e-1; b=-0.86e-3; = -0.460e-2; £=0.113e-2;
d; = 18.455; d=-.2288;

Jo = 6.22766; o= -0.4696e-1; g=-0.2489%e-1;

The initial point has been the following:
Ao=5; A=-10; A=300; A=-300; h=»=0; d=20;, d=a=e=a
= =0; =10;

The addition of quadratic deviations is = 2.69%. 10

To obtain those results, we have used Quasi-Nevdanss-Newton, Nelder-Mead
and Genetic algorithms, without constraints; Altleém converge correctly, but the
first three are sensitive to the initial point. Tdngadratic components ofi(Fz) and
Bi(Fz) are very low compared with the linear term tisat we could simplify the

model, assuming a linear behavior for those twations, by eliminating gfland b
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and repeating the optimization, however, the coteptpuadratic formulation is
presented for a more general expression. We camaba very good adjustment of
the model in respect of test with this real tyreef, we present the convergence of

those data, using the Gauss-Newton method witheptraodification.

Step Cp0 Cpl Cp2 Cp3 bl b2
Initial value 5 -10 300 -300 0 0

1 2,3278 | 75,761 38,233 -78,112 -0,0291 0,000379

2 3,8508 | -35,201 | 342,114 | -273,317 | -0,02874 | -0,001214

3 5,2796 | 151,061 | -44,590 | -59,817 | -0,00789 | -0,004034

4 4,5607 | -16,555 | 334,262 | -285,345 | -0,02974 | -0,000796

5 4,5253 | -3,505 | 296,722 | -259,620 | -0,03175 | -0,000460

6 4,7024 | -10,901 | 323,034 | -278,253 | -0,02885 | -0,000918

7 4,6706 | -11,413 | 322,679 | -277,527 | -0,02931 | -0,000857

8 4,6721 | -11,386 | 322,677 | -277,549 | -0,02927 | -0,000861

9 4,6720 | -11,388 | 322,675 | -277,547 | -0,02928 | -0,000861

10 4,6720 | -11,387 | 322,675 | -277,547 | -0,02928 | -0,000861

50 4,6720 | -11,387 | 322,675 | -277,547 | -0,02928 | -0,000861

Step el e2 dl d2 g0 gl g2
Initial value 0 0 20 0 10 0 0

1 -0,006569 | 0,001446 24,717 -0,36417 8,2915 -0,02256 -0,01780
2 -0,005044 | 0,001039 19,637 -0,26208 2,6606 -0,05481 -0,02375
3 -0,004386 | 0,000992 13,518 -0,14467 6,0431 -0,11890 -0,04808
4 -0,004694 | 0,001068 17,817 -0,21798 7,5201 -0,07438 -0,03072
5 -0,004569 | 0,001127 18,767 -0,23390 6,1952 -0,03589 -0,02262
6 -0,004589 | 0,001134 18,351 -0,22721 6,2423 -0,04775 -0,02515
7 -0,004599 | 0,001131 18,458 -0,22886 6,2267 -0,04693 -0,02488
8 -0,004599 | 0,001131 18,455 -0,22882 6,2277 -0,04696 -0,02489
9 -0,004599 | 0,001131 18,456 -0,22883 6,2277 -0,04696 -0,02489
10 -0,004599 | 0,001131 18,456 -0,22883 6,2277 -0,04696 -0,02489
50 -0,004599 | 0,001131 18,456 -0,22883 6,2277 -0,04696 -0,02489

Table 3 : Convergence of the multivariate polyndrtyiee model.

We can observe that the proposed model convergég,ea the &' step, the error is

already under 1%. This is an additional advantdgbeouse of polynomials.
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If we need to adjust the slope at the origin, adicagy to the point 5, we would apply
the constraint pointed in 5-R5, but for the multiste case. The coefficient A1 would
be modified with Rjcalculated from a parabolic regression with th&t #irpoints and
calculating the slope at the origin. We repeat 3hignes, one for each of the values
of normal load with camber 0 and finally a lineagression of the slope at the origin
Is obtained in function of Fz, with the three val# the slope. We assume that the
slope al the origin changes with normal load Fz nmi with camber angle, for every

value of Fz. A zoom of the slope at the originregented:

Fx(

6000 -

30004

4000+

3000+

20004

1000

Longitudinal slip

e

0 2 4 6 g 10

Figure 8. Adjustment of the slope at the

We apply the condition of fixed positive derivatifige every value of Fz in

equation (5).

dF * F* , ., _ B*
( o ) x:ozg-A_L =FoFiA=F o-Fz-;

F'o.Fz = 90.Fz, is the estimation, for this tyre, af #lopes at the origin from the

first 4 points of every curve {20). The final model is the following:
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*

* . B X X X
Fx(xFz,a;) =F -(A0+Fo-FZ-?-(X+ D A () A (—)%)

X+ B X+ B

This constraint adds very few computing load beed&rsand F* are used in the

rest of the model too.

9.- CONCLUSION.

In this article a new tyre model is validated usiegt data of real tyres. Initially it
has been presented the theoretical backgroundmb&mation of functions that
allow to come up with the model, the mathematicalsis of the curve proposed as
a tyre model by the authors, a degree 3 polynomialsimple rational function (1).
Then, the article reviews the nonlinear numerigalimization methods, which
calculate the model parameters from real test dathally a basic model in 5
parameters was used, and then the complete mod8&| parameters, including the
effect of normal load and camber angle was alsomigptd. We could observe a very
fast convergence in both cases. The techniquetohiation with constraints in the
function or its derivatives is applied to the tpgimization, which it have to be used

to avoid strange values of the slope at the origin.

As a conclusion, it can be stated that, duringpiceess of nonlinear multivariate
optimization, to calculate its parameters, the mpalynomial tyre model presents
very good conditions of convergence, faster angknthan in the magic formula
tyre model.
As we could see at section 4.3, there is a huge difference in the simplicity and computational
efficiency between the Jacobian Matrix terms of the polynomial model and the Magic
Formula model, and this is the reason why the observed convergence of the method is
much faster in the polynomial model (see for example tables 1 and 2 in section 7, the MF
model requires 10 times more steps to obtain stable values of the parameters) and of
course, every step is computed very much faster because the terms are much simpler.
This is an additional advantage added to its olsiprtoperties of mathematical
simplicity.
As it's a polynomial, the computing is very fastlazasy, as we could see in sections
4.3 and 3.1; It is also very accurate as we showthe figures of sections 7 and 8.
The error relative to the magic formula tyre modelalways very reduced, the
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reduced difference between the two mathematicatdtae had been proven in [17]
and in this paper we can see the similar optinopatesults compared with real test

data, in the figures of section 7.
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